Published by Institute of Physics Publishing for SISSA/ISAS Received: July 15, 2004 Accepted: August 31, 2004

M-theory and E_{10}: billiards, branes, and imaginary roots

Jeffrey Brown,^a Ori J. Ganor^{bc} and Craig Helfgott^{bc}

aDepartment of Mathematics, University of California Berkeley, CA 94720, U.S.A.

bDepartment of Physics, University of California Berkeley, CA 94720, U.S.A.

cPhysics Division, Ernest Orlando Lawrence Berkeley National Laboratory Berkeley, CA 94720, U.S.A.

Emails: jbrown@Math.Berkeley.edu, origa@socrates.berkeley.edu,

helfgott@socrates.berkeley.edu

Abstract: Eleven dimensional supergravity compactified on T^{10} admits classical solutions describing what is known as billiard cosmology — a dynamics expressible as an abstract (billiard) ball moving in the 10-dimensional root space of the infinite dimensional Lie algebra E_{10}, occasionally bouncing off walls in that space. Unlike finite dimensional Lie algebras, E_{10} has negative and zero norm roots, in addition to the positive norm roots. The walls above are related to physical fluxes that, in turn, are related to positive norm roots (called real roots) of E_{10}. We propose that zero and negative norm roots, called imaginary roots, are related to physical branes. Adding “matter” to the billiard cosmology corresponds to adding potential terms associated to imaginary roots. The, as yet, mysterious relation between E_{10} and M-theory on T^{10} can now be expanded as follows: real roots correspond to fluxes or instantons, and imaginary roots correspond to particles and branes (in the cases we checked). Interactions between fluxes and branes and between branes and branes are classified according to the inner product of the corresponding roots (again in the cases we checked). We conclude with a discussion of an effective hamiltonian description that captures some features of M-theory on T^{10}.

Keywords: M-Theory, String Duality, Models of Quantum Gravity.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep082004063 /jhep082004063 .pdf

Contents

1. Introduction 2

2. Preliminaries 5 2.1 Infinite dimensional Kac-Moody Lie algebras 5 2.1.1 Review of Kac Moody algebras and root spaces 6 2.1.2 Dimensions of Level-1 root spaces 9 2.1.3 “Physical” basis for the Cartan subalgebra of E_{10} 13 2.2 Billiard cosmology 13 2.3 Instantons and positive roots 16

3. Combinatorics 17 3.1 Root properties 17 3.2 Orthogonal roots 22

4. Physical interpretation of imaginary roots 22 4.1 Prime roots with γ^2 = 0 23 4.2 A mass formula 25 4.3 The multiplicity 26 4.4 Roots with γ^2 < 0 27 4.5 Nonprime roots with γ^2 = 0 28 4.6 Decomposition of level-1 imaginary roots 29 4.7 Decomposition of arbitrary imaginary roots 30 4.8 Billiard cosmology with matter 31

5. Interactions 32 5.1 Brane interactions 32 5.2 Interactions of branes with fluxes 33 5.3 Interaction potentials 35

6. A note on supersymmetry 38

7. Constructing a hamiltonian 40 7.1 The variables 41 7.2 The hamiltonian 42 7.3 Instanton effects 43 7.4 Branes and Landau levels 43 7.5 Summary 45

8. Conclusions and discussion 45

– 1 –

A. The singleton count of real and imaginary roots 47

1. Introduction

Our setting is M-theory with all of space compactified by periodic boundary conditions. When more than d = 8 dimensions are compact, there is no notion of moduli space of vacua; the metric and even the topology of the compact directions should be allowed to fluctuate and should be treated quantum mechanically. But a complete quantum mechanical formulation of this setting is, of course, at the moment unknown.

It has been suggested over two decades ago that the infinite dimensional Kac-Moody Lie algebra E_{10} is relevant to the formulation of this theory [1]. Since then, the possible connection between M-theory and E_{10} has been discussed in various settings (see [2]–[24] for a sample). There are also recent conjectures about a formulation of uncompactified M-theory in terms of E_{10} [25] and about a description of the behavior of M-theory near spacelike singularities in terms of E_{10} [26]–[30]. E_{10} and other Kac-Moody and Generalized Kac-Moody algebras also appeared in other contexts in string theory (see for instance [31]– [35]) which we will not discuss here. Although a lot of progress has been made [36]–[40], a full understanding of the connection of M-theory to E_{10} is still an open problem.

One of the features that distinguish infinite dimensional Kac-Moody Lie algebras, such as E_{10}, from the finite dimensional ones is the existence of imaginary roots [41] in the root space. From the physical point of view these roots are mysterious, and to the best of our knowledge their physical interpretation has not been explored.

In this paper, we will study these imaginary roots from a physical perspective. We will propose that they can be matched with actual branes.

We find it convenient to work with periodic boundary conditions, although our proposal about the relation of imaginary roots and branes can be readily adapted to the noncompact setting of [26]–[30]. The simplest way to set periodic boundary conditions on all 10 spatial directions is to pick a topology of T^{10}. Classically, a homogeneous Kasner metric on T^{10} of the form

ds^2 = −dt^2 + 10∑ i=1 R_i(t)^2dx^2_i , 0 ≤ x_i ≤ 2π , i = 1, . . . , 10, (1.1)

can be a solution to Einstein’s equations if all log R_i’s are linear in log t. We set the slope to be a constant p_i so that log R_i(t) R_i(t_0)

= p_i log t t_0

, i = 1, . . . , 10 . (1.2)

Without matter, the Kasner metric (1.1) is a solution provided the constants p_1, . . . , p_{10} satisfy ∑ p_i = ∑ p^2_i = 1. This metric describes a universe that is contracting in some directions (where p_i < 0) and expanding in other directions (where p_i > 0). This metric was extensively studied in [9], where it was shown that a classical treatment of a Kasner

– 2 – metric (1.1) is asymptotically trustworthy in the far future if the vector of powers ⃗p ≡ (p_1, . . . , p_{10}) describes a timelike vector in R^{9,1} (unrelated to the geometrical spacetime) with a suitably chosen metric ‖⃗p‖^2 ≡ ∑ p^2_i − (∑ p_i )_2 . (1.3)

‖⃗p‖^2 = 0 if ∑ p_i = ∑ p^2_i = 1, and thus ⃗p can never be timelike unless we also include matter. But before we add matter in the form of Kaluza-Klein particles and branes, let us discuss the dynamics in the presence of fluxes. A flux in this context could be either a constant G = dC (where C is the 3-form of 11D supergravity) or a U-dual field. A U-dual field could describe, for example, a nontrivial fibration of one of the ten spatial directions over the remaining nine. The fluxes are quantized and have discrete values, and there are instanton effects that change the fluxes by integer amounts. Explicit constructions of such instanton terms appear in [42].

With fluxes, the classical dynamics of the scale factors log R_i is no longer linear in log t. It was argued in [26]–[30] that the evolution of the logs of the scale factors can be approximated by a piecewise linear function that describes Kasner epochs separated by sharp changes in the vector ⃗p. The changes correspond to reflections off (abstract) walls in (log R_i)-space. The walls correspond to the various fluxes that are present. The orientation of each wall is determined by the type of flux, and its position is determined by the amount of flux. This evolution is called billiard cosmology since the dynamics is analogous to that of a billiard ball in an abstract 10-dimensional space with coordinates log R_i, and the reflections are analogous to the ball bouncing off the walls. Even in the absence of fluxes the walls above are present quantum mechanically. They represent the necessary U-duality transformations that can be used to convert small dimensions to large dimensions [9]. Without matter, these reflections lead to a chaotic evolution [26].

E_{10} makes its appearance when we identify the (“billiard table”) 10-dimensional space with the Cartan subalgebra of the infinite dimensional hyperbolic Kac-Moody Lie algebra, and identify each reflection off a wall with a fundamental reflection generator of the Weyl group. The metric (1.3) can be identified with the Cartan metric of E_{10} (which has signature (9, 1)).

The infinite dimensional noncompact group G_{10} that is defined as the exponential of a certain real form of the Lie algebra E_{10} is a natural extension of the finite dimensional noncompact groups G_d = exp E_d with d ≤ 8 that appear as classical symmetry groups of the low energy limit of M-theory compactified on T^d. On the classical level, these symmetry groups are spontaneously broken, and G_d acts transitively on the moduli space of vacua whose metric and topology can be summarized by writing the moduli space as Γ^′_d\G_d/K_d. Here K_d is the maximal compact subgroup of G_d and Γ^′_d = SL(d, Z) ⊂ G_d. For d = 8 we have G_d ≡ E_{8(8)}(R), and K_d = Spin(16)/Z_2 [44]. On the quantum level, these groups are explicitly broken by loop and instanton effects, and are not good symmetries. This point is demonstrated in explicit formulas for low-energy effective scattering amplitudes (presented as terms in the low-energy effective action that contain, say, products of 4 curvature tensors) that appear in [42]. The quantum moduli space also contains extra

– 3 – identifications which extend Γ^′_d to the full U-duality group Γ_d [5]. It is a discrete subgroup of G_d that preserves a lattice in an appropriate representation of G_d [45]. The extension of Γ^′_d to Γ_d makes the volume of the moduli space finite. For d = 8 we have Γ_d ≡ E_{8(8)}(Z). It is therefore also clear that G_{10} ≡ exp E_{10} cannot be an unbroken symmetry group of any formulation of M-theory on T^{10} that includes instanton effects. It has to be either explicitly or spontaneously broken.

Nevertheless, E_{10} provides a nice characterization of the instanton effects. It is well known that a positive root +α of the Lie algebra E_d corresponds to an instanton B_α of M-theory compactified on T^d (see [46, 47] and section section 2.3 for a review). For example, for d = 8, if the metric on T^8 is diagonal and there are no fluxes, the instantons are Kaluza-Klein particles, M2-branes, M5-branes, and Kaluza-Klein monopoles with a euclidean world-volume. We will review this correspondence between positive roots and instantons in section 2.3.

In this paper we will study the case d = 10. This case is unique in that the Lie algebra E_{10} is the first E_d with a Cartan form that is not semi-positive definite. It is a hyperbolic Kac-Moody algebra with a Cartan form of signature (9, 1). The roots α do not necessarily square to 2. In fact the roots of an infinite dimensional Kac-Moody Lie algebra can be classified as real and imaginary [41]. Real roots satisfy α^2 = 2, and all other roots are called imaginary and satisfy α^2 ≤ 0. The Weyl group acts transitively on the real roots. We will review these facts in more detail in section 2.1.

The familiar instantons such as Kaluza-Klein particles, M2-branes, M5-branes, and Kaluza-Klein monopoles all correspond to real positive roots of E_{10}. In fact, as will be reviewed in section 2.3, the Weyl group of E_{10} formally acts as U-duality on the instanton [46, 47]. Hence, every object that can be obtained by U-duality from the above list of objects is also related to a positive real root, and, vice versa, every positive real root is related to an object that can be obtained by a formal U-duality transformation on, say, a euclidean M2-brane.

The question arises: what is the physical interpretation of the imaginary roots? The purpose of this paper is to study the roots with α^2 ≤ 0 and to relate them to physical objects. We begin in section 3 by associating a formal “action” to the root, and we study the “combinatorial” properties of this action as a function of radii R_1, . . . R_{10}. In this section we explore a “naive” interpretation of imaginary roots simply as new types of instantons with very large actions.

In section 4 we propose a different interpretation, which is one of the main points of this paper. We propose that certain imaginary roots correspond to Minkowski objects. To support this claim, we construct the Minkowski objects — say branes – via a creation process by pushing one instanton through another. For example, one can construct an M2-brane by pushing an M5-brane through another M5-brane [48]. We use a Wick rotated version of that process where one instanton is translated in time until it crosses over another.

Once we accept the connection between imaginary roots and physical branes, we can study the interactions of branes with branes and the interactions of branes with fluxes from the Lie algebraic point of view. We characterize various interactions according to the inner product of the participating roots.

– 4 –

Finally, we attempt to collect all the information together and construct an effective hamiltonian that describes the masses of the branes. The model is a σ-model on a coset G_{10}/K_{10} of G_{10}. The hamiltonian is, up to a sign, simply the G_{10}(≡ exp E_{10}) left-invariant laplacian H = −△ and the wave-function satisfies a Wheeler-DeWitt equation HΨ = 0. G_{10} is spontaneously broken to the U-duality subgroup E_{10}(Z) by requiring Ψ to be E_{10}(Z) invariant. This suggestion is rather old, but the new point is to try to analyze the modes that correspond to imaginary roots quantum mechanically. Doing that, we discover a piece in the hamiltonian that is analogous to a particle in a magnetic field. We compare the n^{th} excited Landau level to a state with n branes (or Kaluza-Klein particles). The energy separation between the Landau levels almost matches the energy of a brane, but unfortunately there is a mismatch by a factor of 2π. There are also a few other puzzles, related to charge neutrality and zero-point energies.

The paper is organized as follows. In section 2, we review the construction of infinite dimensional Lie algebras as presented in [41]. We also review billiard cosmology and the connection between M-theory on T^d and the Lie algebra E_d. In particular we discuss real and imaginary roots of E_{10} and their multiplicities. In section 3, we explore the combinatorial properties of branes that correspond to imaginary roots. In section 4, we argue that certain imaginary roots correspond to Minkowski branes and we study the various constructions of such branes via a brane creation process involving two instantons. As an application, in section 4.8, we add matter in the form of Kaluza-Klein particles and branes to billiard cosmology. The matter component corresponds to potentials in (log R_i)- space oriented in directions corresponding to imaginary roots. In section 5, we study how interactions of pairs of branes and the interaction of a brane with a flux are encoded in the product of the corresponding roots. In section 6, we show that each instanton defines a subgroup of the maximally compact subgroup K_{10} ⊂ exp E_{10}. This is an extension of the statement for d = 8 that a BPS instanton preserves half of the supersymmetry generators, and therefore defines a subgroup of the R-symmetry group Spin(16) ⊂ E_{8(8)}(R). Finally in section 7, we explore a possible hamiltonian formulation. We conclude with some open questions and a few conjectures.

2. Preliminaries

2.1 Infinite dimensional Kac-Moody Lie algebras

In this subsection we will review the salient features of infinite dimensional Kac-Moody Lie algebras. Our discussion is taken from [49, 50, 41].

Readers who are familiar with this subject and readers who are not interested in the mathematical details are (reluctantly) advised to read section 2.1.1 and then skip to section 2.1.3. In section 2.1.1, we review the construction of Kac-Moody algebras, and demonstrate it for the hyperbolic Kac-Moody algebra of interest E_{10} and also for its subalgebra E_9 which is an example of an affine Lie algebra [51, 41]. In section 2.1.2, we explain the multiplicity formula for level 0, 1 roots obtained in [50].

– 5 –

2.1.1 Review of Kac Moody algebras and root spaces We recall the definition of the Kac-Moody algebra E_{10} and distinguished subalgebras E_8, E_9. The construction of E_{10} is a special case of the general construction of Kac Moody algebras in [49]. We start with the Dynkin diagram of E_{10}:

α_{−1} α_0 α_1 α_2 α_3 α_4 α_5 α_6 α_7 α_8

E_{10}

We then associate to the diagram a Cartan matrix A_{10} = (a_{ij} ), (i, j = −1, 0 · · · 8), by defining

a_{ij}^{def}=

2 if i = j −1 if nodes i, j are connected by a line 0 otherwise The matrix A_{10} is symmetric and det(A_{10}) = −1; therefore rank(A_{10}) = 10. Choose a real vector space ĥ_R of dimension 10, and linearly independent sets Π^{def}= {α_{−1}, · · · , α_8} ⊂ ĥ^∗_R (where ∗ denotes the dual space) and Π^{∨ def}= {α^∨_{−1}, . . . , α^∨_8 } ⊂ ĥ_R and define α_j (α^∨_i )^{def}= a_{ij} . We note that for general Kac-Moody algebras

dim ĥ_R = 2n − rank(A) (2.1)

where n is the number of nodes in the Dynkin diagram and A is the matrix associated to the diagram.

The Kac-Moody algebra E_{10} is the Lie algebra over C with the set of generators ĥ_R ∪ {e_i, f_i}8_{i=−1}, and relations

[h, h^′] = 0, [e_i, f_j ] = δ_{ij} α^∨_i , [h, e_i] = α_i(h)e_i, [h, f_i] = −α_i(h)f_i , h, h^′ ∈ ĥ_R, ad(e_i)^{1−aij} e_j = 0, ad(f_i)^{1−aij} f_j = 0 , i ≠ j, (2.2)

where ad(x)y^{def}= [x, y], ad(x)^2y ≡ [x, [x, y]], and so on. Since ĥ_R has a basis of dimension 10, there are 30 linearly independent generators. These are called Chevalley generators. ĥ_R is called the Cartan subalgebra of E_{10} and is an abelian subalgebra of maximal dimension.

We next identify an E_9 subalgebra of E_{10} as the Kac Moody algebra obtained from the subdiagram of the E_{10} diagram by deleting the (−1)-node and the line connecting it to the 0-node. Similarly we identify an E_8 subalgebra by deleting the −1, 0 nodes and the lines connecting nodes −1, 0 and nodes 0, 1.

α_1 α_2 α_3 α_4 α_5 α_6 α_7 α_8

E_8

α_0 α_1 α_2 α_3 α_4 α_5 α_6 α_7 α_8

E_9

We then construct corresponding Cartan matrices A_8 and A_9 following the procedure outlined above, and view these matrices as minors of A_{10}. The defining relations for E_8 and E_9 are thus inherited from the relations for E_{10}.

We let ḣ_R denote the Cartan subalgebra (CSA) of E_8 and h_R the CSA of E_9. We note that det(A_8) = 1 and det(A_9) = 0. A basis for the kernel of A_9 is {(0, 1, 2, 3, 4, 5, 6, 4, 2, 3)^t }.

– 6 –

We then see from the adaptation of formula (2.1) to E_9 that dim h_R = 10, and thus h_R = ĥ_R. In keeping with the notation of [50], we define ġ^{def}= E_8 with CSA ḣ_R, g^{def}= E_9 with CSA h_R, and ĝ^{def}= E_{10} with CSA ĥ_R. We have the root space decompositions of each algebra with respect to its CSA. For example, ĝ = ⨁ α∈ĥ^∗_Rĝα where

ĝ_α^{def}= {x ∈ ĝ : [h, x] = α(h)x , ∀h ∈ ĥ_R} ,

and we define the root space

Δ̂^{def}= {α ∈ ĥ^∗_R : ĝ_α ≠ 0, α ≠ 0} .

We let Q̂^{def}=

∑_8 i=−1 Zαi, and Q̂+ def=

∑_8

i=−1 Nαi . (N will denote the non-negative integers.)

Finally, define Δ̂_+ = Δ̂ ∩ Q̂_+, the set of positive roots of ĝ. We then have Δ̂ = Δ̂_+ ∪ Δ̂_− where Δ̂_− = −Δ̂_+ [41]. We define Q̇ ⊂ Q̂, Δ̇ ⊂ Δ̂, etc., analogously for the algebras ġ, and similarly for g.

The signature of the inner product on the root lattice of a finite simple Lie algebra is well known to be positive definite [41], so from the E_8 subalgebra of E_{10} and the fact that det(A_{10}) = −1, we see that the inner product on Q̂ must have signature (9, 1).

We partial-order ĥ^∗_R by α ⪰ β if α − β ∈ Q̂_+. For α =

∑_8

i=−1 kiαi ∈ Q̂ we define the

height as ht(α)^{def}=

∑_8

i=−1 ki. Finally, we introduce the Weyl group Ŵ of ĝ as the subgroup

of Aut ĥ^∗_R (the group of metric preserving linear transformations of ĥ_R) generated by simple reflections r_i(λ) = λ − λ(α^∨_i )α_i , i = −1, . . . , 8 , λ ∈ ĥ^∗_R . A root α ∈ Δ̂ is called a real root if there exist w ∈ Ŵ such that w(α) = α_i for some −1 ≤ i ≤ 8; otherwise α is an imaginary root. As ġ is a finite dimensional Lie algebra, all of its roots are real. In general, a root α is real if and only if (α|α) > 0. For E_9 ≡ g, all the imaginary roots are integer multiples of the root

δ^{def}= α_0 + 2α_1 + 3α_2 + 4α_3 + 5α_4 + 6α_5 + 4α_6 + 2α_7 + 3α_8 ∈ Δ . (2.3)

It satisfies (δ|α_i) = 0 , i = 0, . . . , 8 , We denote the set of imaginary roots of E_{10} as

Δ̂_{Im}^{def}= {α ∈ Δ̂ : (α|α) ≤ 0} ,

and we define the set of positive (negative) imaginary roots as Δ̂^+_{Im}^{def}= Δ̂_{Im} ∩Δ̂_+ (Δ̂^−_{Im}^{def}= Δ̂_{Im} ∩ Δ̂_−).

The adjoint action of ĝ on itself is an integrable representation, which means that

∀x ∈ ĝ ∃n ∈ Z_+ : ad(e_{αi} )^n(x) = 0 , ad(f_{αi} )^n(x) = 0 , i = −1, . . . , 8

Among other things, it implies that the Lie group exp ĝ can be defined. It also implies that Ŵ preserves multiplicities of roots. Therefore, all real roots have multiplicity 1. However,

– 7 – imaginary roots have multiplicities greater than 1. The multiplicities of the imaginary roots of g are given by mult(nδ) = 8 , 0 ≠ n ∈ Z .

There is no known closed formula for the multiplicities of the imaginary roots of ĝ ≡ E_{10}. However, a closed formula has been derived in [50] for roots of “affine levels” 1 and 2 (this term will be explained below). We outline the derivation of these multiplicities in the next subsection. See also [36, 38] for a list of many roots and their multiplicities.

We will make a few extra observations before we continue.

Proposition 1 (Lemma 5.3 and Theorem 5.4 of [41]). Every imaginary root can be uniquely written as γ = w(α) for a Weyl-group element w ∈ Ŵ and α ≡

∑_8 i=−1 kiαi ∈ Q̂ satisfying: (i) (α|α_i) ≤ 0 for all simple roots (i = −1, . . . , 8), and (ii) the subdiagram of the Dynkin diagram consisting of all vertices such that k_i ≠ 0 is connected.

Proposition 2. Every imaginary root α ∈ Δ̂_{Im} that satisfies (α|α) = 0 is Ŵ -equivalent to nδ for some 0 ≠ n ∈ Z. Its multiplicity is therefore exactly 8.

Proof. This follows immediately from proposition 5.7 of [41], which uses proposition 1.

Proposition 3. Every positive imaginary root α ∈ Δ̂_{Im} that satisfies (α|α) = −2 is Ŵ - equivalent to α_{−1} + 2α_0 + 4α_1 + 6α_2 + 8α_3 + 10α_4 + 12α_5 + 8α_6 + 4α_7 + 6α_8.

Proof. We use the same technique as in the proof of proposition 5.7 of [41]. We set α = ∑_8

i=−1 kiαi with ki ≥ 1 (otherwise α

2 ≥ 0). Using proposition 1, we may assume that (α|α_i) ≤ 0 for all i = −1, . . . , 8. Then −2 = (α|α) =

∑_8

i=−1 ki(α|αi). But every term

on the righthand side is negative or zero. Since all k_i’s are positive we are left with three options: (i) (α|α_s) = (α|α_t) = −1 for some −1 ≤ s < t ≤ 8, and (α|α_i) = 0 for all i ≠ s, t; (ii) (α|α_s) = −2 and k_s = 1 for some −1 ≤ s ≤ 8, and (α|α_i) = 0 for all i ≠ s; (iii) (α|α_s) = −1 and k_s = 2 for some −1 ≤ s ≤ 8, and (α|α_i) = 0 for all i ≠ s.

Using the inverse of the Cartan matrix given in (2.6) below, we can solve all k_i’s in each case above, and check whether α^2 = −2. It turns out that there is a unique solution, and only for case (iii) with s = 2, which is the root given above.

As we shall see in section 2.1.2, the multiplicity of the root is 44. Therefore, all roots α with α^2 = −2 have multiplicity 44.

Definition 1. We will say that a root α is prime if it cannot be written as α = nβ for some integer n > 1 and a root β.

All real roots are prime, but imaginary roots are not necessarily prime. Since all roots with (α|α) = 0 are Weyl-equivalent to a multiple of the root δ, it follows that all positive prime roots with (α|α) = 0 are Weyl equivalent to the root δ.

– 8 –

Let us summarize the various terms in the following table: ĥ_R Cartan subalgebra of E_{10} Δ̂ Set of all roots of E_{10} Δ̂_+ Set of positive roots of E_{10} Δ̂_{Re} Set of real roots (α2 = 2) of E_{10} Δ̂_{Im} Set of imaginary roots (α2 ≤ 0) of E_{10} Q̂ Root lattice of E_{10} Ŵ Weyl group of E_{10} ⪰ partial order on ĥ^∗_R ht height of a root h_R Cartan subalgebra of E_9 Δ Set of all roots of E_9 . . δ minimal positive imaginary root of E_9 ḣ_R Cartan subalgebra of E_8 Δ̇ Set of all roots of E_8 . . 2.1.2 Dimensions of Level-1 root spaces

For an element α =

∑_8

i=−1 kiαi ∈ Q̂, −k0 = (α|δ) is called the affine level of α. Here

δ ∈ Δ ⊂ Δ̂ was defined in (2.3). We denote the set of all roots of E_{10} at affine level l by Δ̂_{[l]}.

The formula mult(α) = p^{(8)} ( 1 − (α|α) 2 ) , −k_0 = 0, 1 .

is derived in [50] for α a level 0 or level 1 root of E_{10}. By definition, p^{(8)}(k) is the coefficient of q^k in 1/ ∏_∞ n=1(1 − q^n)^8. Up to numerical prefactors, the generating function of bosonic objects ∏_∞ n=1[1/(1 − q^n)] is ubiquitous in string theory, and its appearance in this new context is very intriguing.

The derivation in [50] makes reference to chapter 12 in [41], and we briefly fill in those details here. Define the weights of E_{10} as P̂^{def}= {λ ∈ ĥ^∗_R : (λ|α_i) ∈ Z , i = −1, 0, . . . , 8} , and define the dominant weights as

P̂_+^{def}= {λ ∈ P̂ : (λ|α_i) ≥ 0, i = −1, 0, . . . , 8} (2.4)

In [50], the dominant weights in the weight lattice Q̂ are defined in a different way:

P̂_+ = { 8∑ i=−1 k_iΛ̂_i : k_i ∈ N}

– 9 – where Λ̂_i (i = −1, 0, . . . , 8) are the fundamental weights,

(Λ̂_i|α_j ) = δ_{i,j} , i, j = −1, 0, . . . , 8. (2.5)

The two definitions are equivalent. It is obvious that P̂ ⊇ Q̂, which is true for any Kac- Moody algebra. For E_{10}, since det(A_{10}) = −1, it follows that P̂ = Q̂.

The fundamental weights are calculated as follows [50]. Expand Λ̂_i =

∑_8 k=−1 cikαk. Then we solve_8 ∑ k=−1 c_{ik}(α_k|α_j) = 8∑ k=−1 c_{ik}a_{kj} = δ_{i,j} . Thus, the coefficients c_i are the rows of the inverse of the Cartan matrix A_{10} = (a_{ij} ):

−(A_{10})^{−1} =

0 1 2 3 4 5 6 4 2 3 1 2 4 6 8 10 12 8 4 6 2 4 6 9 12 15 18 12 6 9 3 6 9 12 16 20 24 16 8 12 4 8 12 16 20 25 30 20 10 15 5 10 15 20 25 30 36 24 12 18 6 12 18 24 30 36 42 28 14 21 4 8 12 16 20 24 28 18 9 14 2 4 6 8 10 12 14 9 4 7 3 6 9 12 15 18 21 14 7 10

(2.6)

We have Λ̂_{−1} = −δ , Λ̂_0 = −α_{−1} − 2δ .

From [41] (chapter 5) we know that the set of negative imaginary roots Δ̂^−_{Im} is Ŵ -invariant. The orbit of Ŵ on an imaginary root of ĝ = E_{10} intersects P̂_+ exactly once; the intersection root μ is the one that maximizes ht(μ) [41] (chapter 5). Since ĝ is integrable as an adjoint representation of itself, the Weyl group Ŵ preserves root multiplicities, so it suffices to find the multiplicities of Δ̂^−_{Im} ∩ P̂_+. It is easily checked from the second definition of P̂_+, given above (2.5), that dominant weights that are also roots at level-1 are of the form

Δ̂_{[1]} ∩ P̂_+ = {Λ̂_0 + k_{−1}Λ̂_{−1} = −α_{−1} − (k_{−1} + 2)δ : k_{−1} ∈ N} .

The idea in [50] is to determine the multiplicities of these level-1 roots.

Given Λ̂ ∈ ĥ_R, denote by L(Λ̂) the irreducible representation of E_9 with highest weight Λ̂ (chapter 9 of [41]). L(Λ̂) has weight space decomposition L(Λ̂) = ⨁_{λ≤Λ̂} V_λ, where dim(V_{Λ̂}) = 1. L(Λ̂) is integrable if and only if Λ̂ ∈ P̂_+ (Chapter 10 of [41]).

Note that Δ̂_{[1]}, defined at the beginning of this subsection, is a representation of g ≡ E_9. From now till the rest of this subsection we restrict attention to this representation.

We note that −α_{−1} = Λ̂_0 +2δ, and L(Λ̂_0 +2δ) is an integrable highest weight representation of E_9. The level of the representation, as a representation of an affine Lie algebra, is (−α_{−1}|δ) = 1. In general, let P (Λ) be the set of weights of a representation L(Λ) of

– 10 – g ≡ E_9, with Λ ∈ P_+, where P, P_+ are defined as in (2.4) but for E_9: P^{def}= {λ ∈ h_R^∗ : (λ|α_i) ∈ Z, i = 0, . . . , 8} , P_+^{def}= {λ ∈ P : (λ|α_i) ≥ 0, i = 0, . . . , 8} .

Then λ ∈ P (Λ) is called maximal if λ + δ /∈ P (Λ). We denote the set of maximal weights of L(Λ) by Max(Λ)^{def}= {λ ∈ P (Λ) : λ + δ /∈ P (Λ)}

Claim 1. Max(Λ) is preserved by the Weyl group W of g ≡ E_9.

Proof. Suppose w(λ) + δ ∈ P (Λ) for some λ ∈ Max(Λ) and w ∈ W . Then w^{−1}(w(λ) + δ) ∈ P (Λ). But λ + w^{−1}(δ) = λ + δ, so we have a contradiction.

Any orbit of W on P (Λ) intersects P_+ once; the intersection weight μ being the weight such that ht(Λ − μ) is minimal in its W orbit. In particular, any maximal weight is W -equivalent to a maximal weight in P_+. Since L(Λ̂_0 + 2δ = −α_{−1}) is highest weight, −α_{−1} + δ is not in P (Λ̂_0 + 2δ); therefore Λ̂_0 + 2δ is a maximal weight in P (Λ̂_0 + 2δ) ∩ P_+. It is the unique such weight [50]. From previous remarks it then follows that any weight of Max(Λ_0 + 2δ) is W -equivalent to Λ̂_0 + 2δ. We now state

Proposition 4 (12.5(e) of [41]). For any μ ∈ P (Λ), there exists a unique λ ∈ Max(Λ) and unique n ≥ 0 such that μ = λ − nδ. Furthermore, for λ ∈ P (Λ), the set {n ∈ Z : λ − nδ ∈ P (Λ)} is an interval [−p, ∞) with p ≥ 0, and the function t → mult_{L(Λ)}(λ − tδ) is non-decreasing on the interval. Moreover, if 0 ≠ x ∈ g_{−δ}, (where g_{−δ} ⊂ g is the 8- dimensional subspace of the Lie algebra E_9 of all the elements x ∈ g with weight −δ) the map ad(x) : L(Λ)_{λ−tδ} → L(Λ)_{λ−(t+1)δ} given by y → [x, y] is injective.

These observations imply

P (Λ) = ⨆ λ∈Max(Λ) {λ − nδ : n ≥ 0} . (2.7)

(The union is disjoint.)

We will now define a few characters. The expressions below are formal series in the formal variables e^μ where μ runs over all possible weights. They are of the form ∑ μ k_μe^μ where k_μ are integers. Two such series can be multiplied to yield a series of a similar form, and the integer multiplicities k_μ can be read off the coefficient of e^μ. (There are actually some restrictions on multiplying two series — it is required that each resulting k_μ will have a finite number of contributions, but we do not need to worry about that here.) We will also use the convention that (1 − e^{−μ})^{−1} = 1 + e^{−μ} + e^{−2μ} + · · · .

First, for λ ∈ Max(Λ), define

a^Λ_λ^{def}= ∞∑ n=0 mult_{L(Λ)}(λ − nδ)e^{−nδ} .

– 11 –

Also, define the character Ch L(Λ) of P (Λ) as

Ch L(Λ)^{def}= ∑ λ∈P (Λ) (dim_{L(Λ)} λ)e^λ .

The above decomposition (2.7) of P (Λ) implies that

Ch L(Λ) = ∑ λ∈Max(Λ)

e^λa^Λ_λ .

We now return to the level-1 representation of interest, L(Λ̂_0 + 2δ). We proved above that any W -orbit in Max(Λ) intersects P_+ exactly once. Since P_+ ∩ Δ̂_{[1]} = Λ̂_0 + 2δ, there is therefore only one W orbit. The character Ch L(Λ̂_0 + 2δ) therefore contains the term

e^{Λ̂0+2δ}a^{Λ̂0+2δ}_{Λ̂0+2δ} ,

and a term with the same root multiplicities and the same values of (α|α) for each maximal weight that is W -equivalent to Λ̂_0 + 2δ. To proceed, we quote

Proposition 5 (12.13 of [41]). Let Λ ∈ P^1_+^{def}= P_+ ∩ Δ̂_{[1]}. Then (and, by the way, this is true in general for affine algebras of type X^{(r)}_N , where X = A, D or E),

a^Λ = ∞∏ n=1 (1 − e^{−nδ})^{− mult(nδ)} .

Recalling the realization of the affine algebra g ≡ E_9 as a Lie algebra of regular polynomial maps from C^∗ to ġ ≡ E_8, we know that dim(g_{nδ}) = dim(ḣ_R ⊗ t^n) = 8. Since Λ̂_0 + 2δ ∈ P 1_+, the above observation implies a term

e^{Λ̂0+2δ} ∞∏ n=1 (1 − e^{−nδ})^{−8}

in the character Ch L(Λ̂_0 + 2δ). Let α = Λ̂_0 + 2δ − kδ = −α_{−1} − kδ. We have

(α|α) = 2(1 − k) ⇒ k = 1 − (α|α) 2 . Define p^{(8)}(k) to be the coefficient of e^{−kδ} in ∏_∞ n=1(1−e^{−nδ} )^{−8}, and we have that mult(α) = p^{(8)}(k). Putting this together gives Kac’s result

mult(α) = p^{(8)} ( 1 − (α|α) 2 )

for α a level-0 or level-1 root.

– 12 –

2.1.3 “Physical” basis for the Cartan subalgebra of E_{10} It is convenient to pick a basis for the Cartan subalgebra of E_{10} that exhibits the sl(10) ⊂ E_{10} subalgebra manifestly. In this basis a vector ⃗h ∈ ĥ_R has components

⃗h = (h_1, h_2, . . . , h_{10}) . (2.8)

The relation to the basis α_{−1}, . . . , α_8 of section 2.1.1 is given by

⃗h =^5 ∑ i=−1 (_{i+2} ∑ j=1 h_j ) α^∨_i + 1 3 ( 2 8∑ j=1 h_j − h_9 − h_{10} ) α^∨_6 + 1 3 (_9 ∑ j=1 h_j − 2h_{10} ) α^∨_7 + 1 3 (_{10} ∑ j=1 h_j ) α^∨_8 .

(2.9) Acting as a subgroup of the Weyl group Ŵ of E_{10}, the Weyl group of sl(10), which is the permutation group S_{10} simply permutes the components h_1, . . . , h_{10}. The Cartan metric can be written in this basis as ‖⃗h‖^2 = 10∑ i=1 h^2_i −

(_{10} ∑ i=1 h_i )_2 . (2.10)

Similarly, we define a “physical” basis for ĥ^∗_R as follows:

α_{−1} = (1, −1, 0, 0, 0, 0, 0, 0, 0, 0) , α_0 = (0, 1, −1, 0, 0, 0, 0, 0, 0, 0) , . . α_7 = (0, 0, 0, 0, 0, 0, 0, 0, 1, −1) , α_8 = (0, 0, 0, 0, 0, 0, 0, 1, 1, 1) ,

For any root α, we will frequently use the notation

α^{2 def}= (α|α) .

2.2 Billiard cosmology We will now review the classical evolution of a universe constructed from M-theory on T^{10}. We used the term ”constructed from” because, as we shall see, inclusion of generalized fluxes can change the topology. Our review is based in part on [9] and [28].

The initial ansatz is a Kasner-like metric

ds^2 = −dt^2 + 10∑ i=1 R_i(t)^2dx^2_i , 0 ≤ x_i < 2π , i = 1, . . . , 10 . (2.11)

Einstein’s equations are solved by log R_i(t) R_i(t_0)

= p_i log t t_0 , i = 1, . . . , 10 ,

– 13 –

(for some fixed arbitrary t_0) provided that 10∑ i=1 p_i = 10∑ i=1 p^2_i = 1 . (2.12)

For fixed τ ≡ log t t_0 , define the ten-dimensional vector

⃗h ≡ (log[M_pR_1], . . . , log[M_pR_{10}]) . (2.13)

It is convenient to interpret this vector as a point in the Cartan subalgebra ĥ_R ⊂ E_{10} according to (2.8). The classical evolution of the universe is now mapped to an abstract mechanical system of a single particle moving on a straight line in ĥ_R. If we identify τ = log(t/t_0) as the time variable then the particle has constant velocity. Note that, with the Cartan metric (2.10), the configuration space ĥ_R is identified with R^{9,1} .

Note that (2.12) implies that at least one p_i has to be negative and at least one other p_j has to be positive. This means that in the far past and in the far future at least one dimension shrinks to zero, according to the classical solution. This observation invalidates the assumptions of classical 10+1D geometry both in the far past and in the far future. As shown in [9], it is still possible to have a weakly coupled description after dimensional reduction, provided that d⃗h/dτ̃ is timelike in the Cartan metric (2.10). This will not be the case if equation (2.12) is satisfied, but it could be true if we add matter. But first we include fluxes.

Denote the 4-form field strength of 10+1D supergravity by G = dC. To start, suppose we turn on only the component G_{1234}. Flux quantization requires it to be an integer. It then contributes a potential term to the classical supergravity action proportional to √ g|G|^2 = G^2_{1234} (R_1R_2R_3R_4)^2

V_{10} =

G^2_{1234} V_{10}

(R_5 · · · R_{10})^2 , V_{10} ≡ R_1 · · · R_{10} .

Note that in the absence of fluxes, the condition (2.12) implies that dτ = dt t = C dt M^{10}_p V_{10}

, (G = 0) .

where C is a constant. In the presence of fluxes, it is more convenient to define conformal time as τ̃ ≡ ∫_t t_0 dt^′ 2πM^9_p V_{10}(t^′)

(2.14)

for some initial time t_0. It then turns out that the classical equations of motion are encoded by the lagrangian L = 2π ‖ ‖ ‖d ⃗h dτ̃ ‖ ‖ ‖^2 − π[(2π)^3G_{1234}]^2e^{2(h}5^{+h}6^{+h}7^{+h}8^{+h}9^{+h}10^) (2.15)

– 14 – with the extra constraint that only trajectories with total energy zero (defined with respect to the conformal time) are allowed. The potential term that is proportional to the square of the flux G_{1234} can be modeled as a sharp wall at position

h_5 + · · · + h_{10} ∼ − log G_{1234} .

The mechanical system is now described by a particle moving at constant velocity (with respect to the conformal time τ̃) until it hits the wall. After the collision the particle reflects off the wall, conserving energy and momentum parallel to the wall, and continues at a constant velocity on its new trajectory. It turns out that the reflection off the wall can be interpreted as a Weyl reflection in ĥ_R. That is, the reflection off the wall defines a linear transformation on the velocity vector d⃗h/dτ̃ , which is precisely a Weyl reflection.

U-duality [5] acts on the vector ⃗h. In fact the U-duality group has a subgroup that is generated by permutations of the indices h_1, . . . , h_{10} and by the transformation ⃗h −→ ( h_1− 2 3 h_{123}, h_2− 2 3 h_{123}, h_3− 2 3 h_{123}, h_4+ 1 3 h_{123}, . . . , h_{10}+ 1 3 h_{123} ) , h_{123} ≡ h_1+h_2+h_3 .

(The remaining U-duality transformation generators are transformations that enforce periodicity of gauge fluxes such as C_{123}.) It turns out that this subgroup is the Weyl group of E_{10} [46, 47]. These linear transformations preserve the kinetic term of (2.15), since the Weyl group preserves the Cartan metric. But they can act nontrivially on the potential term. As we have seen above, each potential term corresponds to a Weyl reflection in ĥ_R. The Weyl group acts on these reflections by conjugation, and hence changes the position of the walls.

Some of the new walls obtained this way correspond to other fluxes, while other walls correspond to a topology change, because U-duality can turn the components G_{1234} into components of the metric. For example, one can get a wall that corresponds to the potential term πk^2 exp{2(h_1 + h_2 + h_3 + h_4 + h_5 + h_6 + h_7 + 2h_{10})} .

This wall describes a topology change from T^{10} to a circle fibration of the 10^{th} direction over the 8^{th} and 9^{th} with first Chern class c_1 = k. The metric is given by

ds^2 = −dt^2 + 9∑ i=1 R_i(t)^2dx^2_i + R_{10}(t)^2 ( dx_{10} − k 2π x_9dx_8

)_2 ,

and the boundary conditions are such that x_9 → x_9 + 2π must be accompanied by x_{10} → x_{10} + kx_8.

Finally, consider two fluxes in transverse directions, say G_{1234} and G_{5678}. The term ∫ C ∧ G ∧ G of 10+1D supergravity implies that G ∧ G is a source of 3-form flux. Since all 10 spatial dimensions are compact an anti M2-brane must be present to absorb the flux [52]. The Kasner cosmology must now also contain matter in addition to fluxes.

– 15 –

2.3 Instantons and positive roots

We have mentioned in section 2.2 that fluxes such as G_{1234} correspond to real positive roots of E_{10}. We will now discuss this correspondence in more detail. Instead of discussing the fluxes themselves, it is convenient to discuss processes that change the flux by one unit. These are the instantons of M-theory. For example, the flux G_{1234} can be changed by one unit via an instanton that can be interpreted as an M5-brane with euclidean worldvolume, wrapping the 5^{th}, . . . , 10^{th} directions [53, 54]. Analogous euclidean branes can also be constructed in string theory and supergravity. In this context they are known as S-branes [55]–[56].

Let us list the various possible euclidean objects present for M-theory on T^d with d ≤ 8. These are: Kaluza-Klein particles, M2-branes, M5-branes, and Kaluza-Klein monopoles. Let R_1, . . . , R_d be the radii of T^d and M_p be the Planck mass. In the absence of fluxes, the actions of these objects are, up to permutations of the indices,

2πR_1R^{−1}_2 , 2πM^3_p R_1R_2R_3 , 2πM^6_p R_1R_2R_3R_4R_5R_6 , 2πM^9_p R_1R_2R_3R_4R_5R_6R_7R^2_8 . (2.16) The correspondence with positive roots of E_8 allows us to write down a simple formula for such actions. Up to a 2π factor, the log of the action S_α of instanton B_α is given by ⟨α,⃗h⟩ where ⃗h is the vector in the Cartan subalgebra ĥ_R that is related to R_1, . . . , R_d by ⃗h = (log[M_pR_1], . . . , log[M_pR_d]), similarly to equation (2.13). S_α = 2πe^{⟨α,⃗h⟩} . If ⃗h is in a region of ĥ_R such that ⟨α_i,⃗h⟩ ≫ 1 for all simple roots i = −1, . . . , 8 then the euclidean objects can be safely interpreted as instantons. Generically, if the R_i’s are given by (1.2) with ⃗p timelike in the metric (1.3) then there is some choice of simple roots for E_{10} for which all the instanton actions above are large at very late times [9].

The euclidean objects contribute instanton terms to amplitudes. These instanton terms could, for example, be corrections to R^4 terms (contractions of 4 curvature tensors) or λ^{16} terms (contractions of 16 fermions) in the low-energy effective action in the (11 − d) noncompact dimensions [47]. The instanton terms behave as Φ = exp(−S_α + iC_α), where C_α is the flux that couples to the object. For example: for the Kaluza-Klein particle with action S_α = 2πR_1/R_2, this flux is the ratio of metric components C_α = 2πg_{12}/g_{22}, for the M2-brane with action S_α = 2πM^3_p R_1R_2R_3, the flux is the M-theory 3-form component C_α = (2π)^3C_{123}.

Strictly speaking, the instanton actions in (2.16) are in the absence of off-diagonal metric components such as g_{12}, . . . , and in the absence of 3-form fluxes such as C_{123}, etc. In order to avoid confusion with the 4-form flux G = dC we will refer to all the former collectively as θ-angles. In the presence of θ-angles, the action S_α is, in general, modified. All the θ-angles, together with the radii R_1, . . . , R_d parameterize the moduli space M_d = E_d(Z)\E_d(R)/K_d [44] where K_d is the maximal compact subgroup of E_d(R). It turns out that Φ = exp(−S_α + iC_α) is a harmonic function on E_d(R)/K_d with respect to the E_d(R)-left invariant metric [42, 10].

– 16 –

Furthermore, actions of simple combinations of instantons, corresponding to Wick rotated bound states, are also given by harmonic functions. This observation allows us to algebraically relate bound states of euclidean branes to the Lie algebra roots. For example, an M2-brane that is wrapping the diagonal of the R_3 − R_4 torus has action S = 2πM^3_p R_1R_2 √ R^2_3 + R^2_4, in the absence of θ-angles. In the presence of θ-angles, this action is, in general, modified to

S^′ = 1 (2π)^2

M^3_p ∫ M2 √ gd^3x + i ∫ M2 C , where g is the induced metric on the M2-brane and the integrals are performed on the M2-brane worldvolume. Let us assume that the only nonzero θ-angles are C_α ≡ C_{123} and C_β ≡ C_{124}, where we have introduced the two Lie algebra roots α and β with

S_α = 2πM^3_p R_1R_2R_3 , S_β = 2πM^3_p R_1R_2R_4 .

The harmonic function then reduces to Φ^′ =⇒ e^{−S′+i(Cα+Cβ )} , S^′ = √ S^2_α + S^2_β .

The point is that we can determine S^′ by calculating the absolute value of a harmonic function whose phase behaves as exp{iC_α + iC_β }. (See [10] for more details.)

3. Combinatorics

As we have reviewed in section 2.3, each positive real root α of E_{10} corresponds to a unique euclidean brane, and the action of the brane, in the absence of fluxes, is given by 2π exp ⟨α,⃗h⟩, where ⃗h is the vector of logs of radii given by (2.13). The actions are of the form 2π

∏_{10} i=1(M_pR_i)^{ni} where n_i are positive integers, except for Kaluza-Klein instantons in which case one n_i is −1. From this action we can read off the dimension of the brane by counting the number of powers for which n_i = 1. For example for an M2-brane the action could be 2πM^3_p R_1R_2R_3 and the dimension is 3.

Formally, we can define an action corresponding to imaginary roots of E_{10} in exactly the same manner, 2π exp ⟨α,⃗h⟩. We can then ask similar questions, such as how many n_i’s are 1, about the imaginary roots as well. The purpose of this section is to study such “combinatorial” properties of the real as well as the imaginary branes. In this section we will naively interpret the imaginary roots as euclidean branes. However, in section 4, we will propose another interpretation that we believe is better.

3.1 Root properties

We will now work with the Lie algebra E_{10}. As we have seen in section 2.1, our convenient basis for the weight space R^{10} is such that the root lattice Γ ⊂ R^{10} is spanned by vectors

α = (n_1, n_2, n_3, n_4, n_5, n_6, n_7, n_8, n_9, n_{10}) , n_i ∈ Z, (i = 1, . . . , 10) , 10∑ i=1 n_i ≡ 0 mod 3 ,

– 17 – and such that the Cartan product is given by

α^2 = 10∑ i=1 n^2_i − 1 9 (_{10} ∑ i=1 n_i )_2 = 1 9 ∑ 1≤i<j≤10 (n_i − n_j)^2 − 1 9 10∑ i=1 n^2_i .

The action of the corresponding formal brane B_α is 2π ∏ i(M_pR_i)^{ni} where R_i are here best thought of as abstract variables (formally, the radii of the 10 directions of T^{10}). Strictly speaking, this is the action of an instanton in the absence of θ-angles, i.e. off-diagonal metric terms such as g_{12}, . . . , and in the absence of 3-form fluxes such as C_{123}, etc.

The inner product of two roots α and α^′ is given by ⟨α, α^′⟩ ≡ 10∑ i=1 n_in^′_i − 1 9 (_{10} ∑ i=1 n_i )(_{10} ∑ i=1 n^′_i )

We can translate the actions to type-IIA by defining

m_0 ≡ −n_{10} + 1 3 10∑ i=1 n_i , m_i ≡ n_i , i = 1, . . . , 9 , (3.1)

The action can then formally be written as 2πg_s^{−m0}

∏_9

i=1(M_sl_i)^{mi} where g_s is the string coupling constant, M_s is the string scale, and l_i are the formal compactification radii. (These formulas again assume that all θ-angles are zero.) The inner product can then be written as

⟨α, α^′⟩ = 2m_0m^′_0 + 9∑ i=1 m_im^′_i − 1 2 m_0 9∑ i=1 m^′_i − 1 2 m^′_0 9∑ i=1 m_i . For future use we need to define

Definition 2. We say that a root α with indices n_i is thicker (thinner) than a root α^′ with indices n^′_i if n_i ≥ n^′_i (n_i ≤ n^′_i) for i = 1, . . . , 10.

The roots given by Θ_{1,...,9} ≡ (1, 1, 1, 1, 1, 1, 1, 1, 1, 0) and all its permutations are the thinnest among all the imaginary roots.

Definition 3. we define the void count of the root α to be the number of i’s for which n_i = 0.

Definition 4. we define the singleton count of the root α to be the number of i’s for which n_i = 1.

Definition 5. we define the doubleton count of the root α to be the number of i’s for which n_i = 2.

Claim 2. The only positive imaginary roots with void count > 0 are permutations of the following: (0, n, n, n, n, n, n, n, n, n) , n > 0 .

– 18 –

Root Square s d multiplicity Θ_{2...10} ≡ (0, 1, 1, 1, 1, 1, 1, 1, 1, 1) (Θ_{2...10})^2 = 0 9 0 m = 8 Θ_{1...8;9 10} ≡ (1, 1, 1, 1, 1, 1, 1, 1, 2, 2) (Θ_{1...8;9 10})^2 = 0 8 2 m = 8 Θ_{1...5;6...10} ≡ (1, 1, 1, 1, 1, 2, 2, 2, 2, 2) (Θ_{1...5;6...10})^2 = 0 5 5 m = 8 Θ_{123;4...9;10} ≡ (1, 1, 1, 2, 2, 2, 2, 2, 2, 3) (Θ_{123;4...9;10})^2 = 0 3 6 m = 8 Θ_{12;3...7;89 10} ≡ (1, 1, 2, 2, 2, 2, 2, 3, 3, 3) (Θ_{12;3...7;89 10})^2 = 0 2 5 m = 8 Θ_{12;34;5...10} ≡ (1, 1, 2, 2, 3, 3, 3, 3, 3, 3) (Θ_{12;34;5...9 10})^2 = 0 2 2 m = 8 Θ_{12;;3...9;10} ≡ (1, 1, 3, 3, 3, 3, 3, 3, 3, 4) (Θ_{12;;3...9;10})^2 = 0 2 0 m = 8 Θ_{12;3...10} ≡ (1, 1, 2, 2, 2, 2, 2, 2, 2, 2) (Θ_{12;3...10})^2 = −2 2 8 m = 44

Table 1: Imaginary roots of E_{10} with singleton count≥ 2.

Proof. Without loss of generality we may assume that n_1 = 0. The root is then an element of the g = E_9 subalgebra. The claim immediately follows from the characterization of the imaginary roots of E_9 as nδ.

Claim 3. A positive imaginary root has no negative n_i’s. A positive real root has negative n_i’s only if it is a permutation of (1, −1, 0, . . . , 0).

The proof is given in the appendix.

Let us now describe the imaginary roots α up to the action of the Weyl group.

Proposition 6. Every positive imaginary root γ ∈ Δ̂^+_{Im} of ĝ = E_{10} can be uniquely written as γ = w(α) with w ∈ Ŵ an element of the Weyl group, and α ∈ Q̂ given by

α = (n_1, n_2, . . . , n_{10}) ,

and satisfying

0 < n_1 ≤ n_2 ≤ · · · ≤ n_{10} , 2(n_8 + n_9 + n_{10}) ≤ n_1 + n_2 + · · · + n_7 .

Proof. This follows immediately from proposition 1 and claim 3.

Theorem 1. The only imaginary roots with a singleton count s ≥ 2 are permutations of the roots given in table 1. In that table, we have indicated the square of the root, the singleton count s, the doubleton count d, and the multiplicity of the root m. There is an infinite number of imaginary roots of singleton count s = 1.

Proof. The proofs are given in the appendix.

Our notation Θ_{i1i2,...,is;j1j2,...,jd;···} indicates the indices i_1, . . . , i_s that have n_{i1} = · · · = n_{is} = 1, then the indices j_1, j_2, . . . , j_d that have n_{j1} = · · · = n_{jd} = 2, and so on. By analogy with instantonic branes associated to real roots, we will say that the imaginary root is extended in directions i_1, . . . , i_s. Ironically, in section 4 we will argue that such a root corresponds to a brane that is not extended in these directions. But, for the naive interpretation of the present section the terminology above is natural.

– 19 –

Root Square s d multiplicity Θ_{89 10} ≡ (0, 0, 0, 0, 0, 0, 0, 1, 1, 1) (Θ_{89 10})^2 = 2 3 0 m = 1 Θ_{5...10} ≡ (0, 0, 0, 0, 1, 1, 1, 1, 1, 1) (Θ_{5...10})^2 = 2 6 0 m = 1 Θ_{3...9;10} ≡ (0, 0, 1, 1, 1, 1, 1, 1, 1, 2) (Θ_{3...9;10})^2 = 2 7 1 m = 1 Θ_{2...7;89 10} ≡ (0, 1, 1, 1, 1, 1, 1, 2, 2, 2) (Θ_{2...7;89 10})^2 = 2 6 3 m = 1 Θ_{234;5...10} ≡ (0, 1, 1, 1, 2, 2, 2, 2, 2, 2) (Θ_{234;5...10})^2 = 2 3 6 m = 1 Θ_{1...9;;10} ≡ (1, 1, 1, 1, 1, 1, 1, 1, 1, 3) (Θ_{1...9;;10})^2 = 2 9 0 m = 1 Θ_{1...6;789;10} ≡ (1, 1, 1, 1, 1, 1, 2, 2, 2, 3) (Θ_{1...6;789;10})^2 = 2 6 3 m = 1 Θ_{1...4;5...8;9 10} ≡ (1, 1, 1, 1, 2, 2, 2, 2, 3, 3) (Θ_{1...4;5...8;9 10})^2 = 2 4 4 m = 1 Θ_{123;456;7...10} ≡ (1, 1, 1, 2, 2, 2, 3, 3, 3, 3) (Θ_{123;456;7...10})^2 = 2 3 3 m = 1 Θ_{123;;4...10} ≡ (1, 1, 1, 3, 3, 3, 3, 3, 3, 3) (Θ_{123;;4...10})^2 = 2 3 0 m = 1 Θ_{12;3...8;9;10} ≡ (1, 1, 2, 2, 2, 2, 2, 2, 3, 4) (Θ_{12;3...8;9;10})^2 = 2 2 6 m = 1 Θ_{12;345;6...9;10} ≡ (1, 1, 2, 2, 2, 3, 3, 3, 3, 4) (Θ_{12;345;6...9;10})^2 = 2 2 3 m = 1 Θ_{12;3;4...8;9 10} ≡ (1, 1, 2, 3, 3, 3, 3, 3, 4, 4) (Θ_{12;3;4...8;9 10})^2 = 2 2 1 m = 1 Θ_{12;;3...6;7...10} ≡ (1, 1, 3, 3, 3, 3, 4, 4, 4, 4) (Θ_{12;;3...6;7...10})^2 = 2 2 0 m = 1 Θ_{12;;3;4...10} ≡ (1, 1, 3, 4, 4, 4, 4, 4, 4, 4) (Θ_{12;;3;4...10})^2 = 2 2 0 m = 1

Table 2: Real roots of E_{10} with singleton count≥ 2.

The formal actions associated with the imaginary roots are

S_{2...10} = 2πM^9_p R_2 · · · R_{10}, S_{1...8;9 10} = 2πM^{12}_p R_1 · · · R_8(R_9R_{10})^2, S_{1...5;6...10} = 2πM^{15}_p R_1 · · · R_5(R_6 · · · R_{10})^2, S_{123;4...9;10} = 2πM^{18}_p R_1R_2R_3(R_4 · · · R_9)^2R^3_{10}, S_{12;3...7;89 10} = 2πM^{21}_p R_1R_2(R_3 · · · R_7)^2(R_8R_9R_{10})^3, S_{12;34;5...10} = 2πM^{24}_p R_1R_2(R_3R_4)^2(R_5 · · · R_{10})^3, S_{12;;3...9;10} = 2πM^{27}_p R_1R_2(R_3 · · · R_9)^3R^4_{10}, S_{12;3...10} = 2πM^{18}_p R_1R_2(R_3 · · · R_{10})^2. (3.2)

For completeness we present:

Theorem 2. The only real roots with a singleton count s ≥ 2 are permutations of the roots given in table 2. There is an infinite number of real roots of singleton count s = 1.

The proof is also outlined in the appendix, and see also [7, 46]. Note that Θ_{89 10} corresponds to an M2-brane, Θ_{5...10} to an M5-brane, Θ_{3...9;10} to a Kaluza-Klein monopole, and Θ_{1...9;;10} becomes a D8-brane after reduction to type-IIA on the 10^{th} direction, as in equation (3.1).

Definition 6. we define the hyperplane of the root to be the subspace of R^{10} generated by unit vectors in all directions i for which n_i = 1.

Obviously, the hyperplane of the root has a dimension equal to the singleton count.

– 20 –

In the notation and terminology of section 2.1.1, the imaginary roots listed above can be constructed as follows. We first write down all the positive real roots that can be obtained from the simple root α_{−1} (with corresponding action 2πR_1R^{−1}_2 ) by Weyl reflections in the Weyl group W of E_9. These reflections are generated by the simple reflections r_0, . . . , r_8. The simple reflections r_0, . . . , r_7 act simply as permutations of the indices of R_2, . . . , R_9 and we can ignore them. Successive application of the simple reflection r_8 on α_{−1}, with suitable permutations of the indices in between, produces the following list of real roots:

S_{α−1} = 2πR_1R^{−1}_2 ,

r_8 · · · r_j(α_{−1}) =

(_5 ∑ i=−1 α_i ) + α_8 ⇒ S = 2πM^3_p R_1R_9R_{10};

r_8 · · · r_j r_8 · · · r_k(α_{−1}) =

(_8 ∑ i=−1 α_i ) + α_4 + 2α_5 + α_6 + α_8

⇒ S = 2πM^6_p R_1R_6R_7R_8R_9R_{10};

r_8 · · · r_j r_8 · · · r_kr_8 · · · r_l(α_{−1}) = α_{−1} + 2α_0 + 3α_1 + 4(α_2 + α_3 + α_4) + 5α_5 + 3α_6 + α_7 + 3α_8 ⇒ S = 2πM^9_p R_1R_2R_3R_4R_7R_8R_9R^2_{10}; (j, k, l = 0, . . . , 7) .

We know from section 2.1.2 that all of the remaining level-1 roots are simply translations of the maximal weights of L(−α_{−1}) by −nδ for n ≥ 1. (Recall that S_{nδ} = 2π(M^9_p R_2R_3R_4R_5R_6R_7R_8R_9R_{10})^n.)

For n = 1 these translations give us the following imaginary roots with multiplicity m = 8:

Θ_{13456789 10} (s = 9), Θ_{12345678;9 10} (s = 8), Θ_{12345;6789 10} (s = 5), Θ_{156;234789;10} (s = 3),

For n = 2 these translations give us the following imaginary roots with multiplicity m = 44:

Θ_{12;3456789 10}(s = 2), Θ_{1;2345678;9 10}(s = 1), Θ_{1;2345;6789 10}(s = 1), Θ_{1;56;234789;10}(s = 1),

The last three roots did not appear in our table 1 above since their singleton count is smaller than 2.

Translating the root actions above to type-IIA notation we obtain S_{1...9} → {_{2π} g_s^2 Ms 8l_1 · · · l_8 2π g_s^3 Ms 9l_1 · · · l_9

S_{1...8;9 10} → {_{2π} g_s^2 Ms 10l_1 · · · l_8l^2_9 2π g_s^3 Ms 11l_1 · · · l_7(l_8l_9)^2

S_{1...5;6789 10} → {_{2π} g_s^3 Ms 13l_1 · · · l_5(l_6 · · · l_9)^2 2π g_s^4 Ms 14l_1 · · · l_4(l_5 · · · l_9)^2

S_{123;456789;10} → 2π g_s^3 Ms 15l_1 · · · l_3(l_4 · · · l_9)^2 2π g_s^4 Ms 16l_1 · · · l_3(l_4 · · · l_8)^2l^3_9 2π g_s^5 Ms 17l_1l_2(l_3 · · · l_8)^2l^3_9

S_{12;3456789 10} → {_{2π} g_s^4 Ms 16l_1l_2(l_3 · · · l_9)^2 2π g_s^5 Ms 17l_1(l_2 · · · l_9)^2

S_{12;34567;89 10} → 2π g_s^4 Ms 18l_1l_2(l_3 · · · l_7)^2(l_8l_9)^3 2π g_s^5 Ms 19l_1l_2(l_3 · · · l_6)^2(l_7l_8l_9)^3 2π g_s^6 Ms 20l_1(l_2 · · · l_6)^2(l_7l_8l_9)^3

S_{12;34;56789 10} → 2π g_s^5 Ms 21l_1l_2(l_3l_4)^2(l_5 · · · l_9)^3 2π g_s^6 Ms 22l_1l_2l^2_3(l_4 · · · l_9)^3 2π g_s^7 Ms 23l_1(l_2l_3)^2(l_4 · · · l_9)^3

– 21 –

3.2 Orthogonal roots

For two real roots α, β, the condition (α|β) = 0 has a physical interpretation in terms of the corresponding instantons [57]–[61, 10, 12]. It means that the two instantons can “bind at threshold,” [62, 63] so that the bound instanton has only one time-translation zero-mode and its action is the sum of the actions of the two individual instantons (at least when all the θ-angles are set to zero). For example, an M2-brane with action 2πM^3_p R_1R_4R_5 can bind at threshold to an M2-brane with action 2πM^3_p R_1R_2R_3. It can also bind at threshold to a Kaluza-Klein instanton with action 2πR_2R^{−1}_4 , and so on. We will now calculate which imaginary roots from the lists above are orthogonal to various real roots.

An imaginary root that is extended in directions 1, . . . , s (see the definitions above) is orthogonal to all the real roots corresponding to Kaluza-Klein instantons that have actions 2πR_kR^{−1}_l for 1 ≤ k < l ≤ s.

As another example, let α be a real root that corresponds to an M2-brane instanton. It is orthogonal to Θ_{1...9} if the M2-brane’s hyperplane is a subset of the Θ_{1...9}’s hyperplane.

The real root α is orthogonal to Θ_{1...8;9 10} if their hyperplanes intersect on a dimension- 2 plane. In this case, the intersection has co-dimension 1 inside the M2-brane’s hyperplane. It is therefore tempting to say that the M2-brane can end on the Θ_{1...8;9 10}-instanton, just like an M2-brane can end on an M5-brane [64, 57].

The real root α is orthogonal to Θ_{1...5;6789 10} if their hyperplanes intersect on a dimension-1 hyperplane (a line).

There are two distinct possibilities for α to be orthogonal to Θ_{123;456789;10}. In one, the corresponding hyperplanes intersect along a line, and in the other the hyperplanes intersect only at the origin.

Similarly, an M2-brane root α is orthogonal to Θ_{12;34567;89 10} in two distinct cases. In one, the intersection of their hyperplanes is exactly the origin, and in the other the intersection is a dimension-1 hyperplane (a line).

An M2-brane root α is orthogonal to Θ_{12;34;56789 10} or Θ_{12;3456789 10} only if the intersection of their hyperplanes is exactly the origin.

We can perform a similar analysis for a root α that corresponds to an M5-brane, but we will not present it here.

4. Physical interpretation of imaginary roots

The discussion in section 3 assumed that imaginary roots correspond to euclidean branes. We can always define the action corresponding to an imaginary root as 2π exp ⟨α,⃗h⟩, as we did in section 3, and study its combinatorial properties. But this definition lacks sufficient physical motivation.

In this section we would like to propose an alternative interpretation that, we believe, is more physical. We propose that a prime positive imaginary root γ with γ^2 = 0 corresponds to a Minkowski brane, and 2π exp ⟨⃗h, γ⟩ describes its mass in units inverse to conformal time. We will begin to study the imaginary roots γ by looking for two real positive roots α and β such that γ = α + β.

– 22 – t

(a) α β

t_α t_β t

(b) α

β t_β t_α

Figure 1: Two instantons associated with the real roots α, β. Each instanton creates a jump in the associated flux. The fluxes are depicted by the diagonal pattern. Instanton α creates a jump from a nonzero value to 0, while instanton β changes another flux from 0 to a nonzero value. (a) Instanton α occurs before instanton β, and the different fluxes do not overlap; (b) Instanton α occurs after instanton β, and the fluxes overlap between times t_β and t_α. In addition, a particle (the thick vertical line) associated to γ = α + β is created between the two instantons.

4.1 Prime roots with γ^2 = 0

Let Θ_{2...10} be the imaginary root that corresponds to the action

S_{Θ2...10} = 2πe^{⟨δ,⃗h⟩} = 2πM^9_p R_2R_3R_4R_5R_6R_7R_8R_9R_{10} .

It satisfies (Θ_{2...10})^2 = 0, and it is minimal in the sense that no other imaginary root is thinner (see section 3).

We will start with the roots that can be obtained from Θ_{2...10} by a Weyl reflection. These are all the prime roots that square to zero. For a specific example, take α, β corresponding to M5-branes with actions

S_α = 2πe^{⟨α,⃗h⟩} = 2πM^6_p R_1R_2R_3R_4R_5R_6 , S_β = 2πe^{⟨β,⃗h⟩} = 2πM^6_p R_1R_2R_7R_8R_9R_{10} , (4.1) Then γ = α + β is an imaginary root with γ^2 = 0 and multiplicity m = 8 and

S_γ = 2πM^{12}_p (R_1R_2)^2R_3R_4R_5R_6R_7R_8R_9R_{10} . (4.2)

Let J^{+α} and J^{+β} be elements of E_{10} that correspond to the real roots. Then the commutator [J^{+α}, J^{+β}] is in the weight space corresponding to γ.

Physically, α and β correspond to M5-brane instantons. Let α be an instanton at time t_α and β at time t_β. Now consider switching the time order of the two instantons from, say, t_α ≪ t_β to t_α ≫ t_β (see figure 1). In this “process” one M5-brane passes through the other. But this is precisely the M2-brane creation process described in [48]. After the process there is an extra M2-brane stretched along the 1^{st}, 2^{nd} directions and extended in time from t_β to t_α.

– 23 –

The brane creation process has various versions for different roots. We will now describe a few of the versions. In the setting that we described above, the creation of the M2-branes can be argued as follows. The instanton at t_β creates a jump in the flux G_{789 10} and the instanton at t_α creates a jump in the flux G_{3456} so that

(2π)^3G_{789 10} = { N for t < t_β, N + 1 for t > t_β,

(2π)^3G_{3456} = { N^′ − 1 for t < t_α, N^′ for t > t_α,

for some integers N, N^′. As we recalled in section 2.2, the ∫ C ∧ G ∧ G term of 10+1D supergravity indicates that G ∧ G is a source for M2-brane flux and there must be an equal number of anti- M2-branes to cancel that flux [52]. Therefore, together with the instanton at t_β, N^′ − 1 anti- M2-branes must also be present if t_β < t_α and N anti- M2-branes must be present if t_β > t_α. Setting N = N^′ = 0 we see that one M2-brane is stretched between the two instantons if t_β < t_α.

There is a U-dual process involving geometry alone [65, 66]. In this case we take β to correspond to an M2-brane and α to correspond to a Kaluza-Klein monopole such that

S_β′ = 2πe^{⟨β′ ,⃗h⟩} = 2πM^3_p R_2R_9R_{10} , S_α′ = 2πe^{⟨α′ ,⃗h⟩} = 2πM^9_p R^2_1R_2R_3R_4R_5R_6R_7R_8, (4.3) Then γ = α^′ + β^′ the same as before. This time the process of M2-brane creation can be understood entirely from the geometry of the Kaluza-Klein monopole. The Kaluza-Klein monopole changes by one unit the first Chern class c_1 of the fibration of the 1^{st} circle over the T^2 in the 9^{th} and 10^{th} directions. Suppose that

c_1 = { 0 for t < t_α. 1 for t > t_α.

Then the M2-brane in the 2^{nd}, 9^{th}, 10^{th} directions cannot pass through the Kaluza-Klein monopole. It must get “stuck” at some point along the 9^{th} − 10^{th} plane, and it is not hard to see that an M2-brane that wraps the 1^{st} and 2^{nd} directions is created.

Another U-dual process involves passing a D0-brane through a D8-brane [67] or a D4-brane through another D4-brane [68, 69]. In these processes a string is created. To relate it to our E_{10} conventions, we lift type-IIA to M-theory, taking momentum in the 2^{nd} direction to be related to D0-brane charge. We then take the roots α^{′′} and β^{′′} as follows:

S_α′′ = 2πe^{⟨α′′ ,⃗h⟩} = 2πR_1R^{−1}_2 , S_β′′ = 2πe^{⟨β′′ ,⃗h⟩} = 2πM^{12}_p R_1R^3_2R_3R_4R_5R_6R_7R_8R_9R_{10} . (4.4) Again, γ = α^{′′} + β^{′′} is the same as before and also the object that is created is the same M2-brane stretched in the 1^{st} and 2^{nd} directions.

We conclude that the root γ with

S_γ = 2πe^{⟨γ,⃗h⟩} = 2πM^{12}_p (R_1R_2)^2R_3R_4R_5R_6R_7R_8R_9R_{10}

corresponds to a physical (temporally extended) M2-brane stretched in the 1^{st} and 2^{nd} directions.

– 24 –

For another example, take γ with

S_γ = 2πe^{⟨γ,⃗h⟩} = 2πM^9_p R_2R_3R_4R_5R_6R_7R_8R_9R_{10} .

We can decompose it as a sum of two real roots as γ = α + β with

S_α = 2πM^3_p R_2R_3R_4 , S_β = 2πM^6_p R_5R_6R_7R_8R_9R_{10} .

An instanton corresponding to α creates a jump by one unit in the flux G_{0234} and an instanton corresponding to β creates a jump by one unit in the flux G_{1234}. When the two fluxes G_{0234} and G_{1234} are present together, we get a contribution to the field-theoretic momentum P^1 ≡ ∫ √ gG^{0μ1 μ2μ3} G^1_{μ1μ2μ3} d^{10}x. Since the total momentum must be zero, there must be extra Kaluza-Klein particles with the opposite amount of momentum. Thus, γ corresponds to a Kaluza-Klein particle with momentum in the 1^{st} direction. In section 4.2 we will write down a mass formula for the physical objects corresponding to the imaginary roots γ that will allow us to immediately see that γ above corresponds to a Kaluza-Klein particle with mass R^{−1}_1 .

4.2 A mass formula

There is a simple formula that relates the imaginary root γ to the action of the physical brane. Let us list the branes that we found and their “masses,” i.e. actions per unit time dt. Let us write down the first four roots from table 1 or equation (3.2), together with the masses of their corresponding branes (that we denote by M^′),

e^{⟨Θ2...10,⃗h⟩} = M^9_p R_2R_3R_4R_5R_6R_7R_8R_9R_{10}, M^′ = R^{−1}_1 , e^{⟨Θ1...8;9 10,⃗h⟩} = M^{12}_p R_1R_2R_3R_4R_5R_6R_7R_8(R_9R_{10})^2, M^′ = M^3_p R_9R_{10}, e^{⟨Θ12345;6789 10,⃗h⟩} = M^{15}_p R_1R_2R_3R_4R_5(R_6R_7R_8R_9R_{10})^2, M^′ = M^6_p R_6R_7R_8R_9R_{10}, e^{⟨Θ123;456789;10 ,⃗h⟩} = M^{18}_p R_1R_2R_3(R_4R_5R_6R_7R_8R_9)^2R^3_{10}, M^′ = M^9_p R_4R_5R_6R_7R_8R_9R^2_{10}.

(4.5)

The roots in equation (4.5) correspond to a Kaluza-Klein particle, M2-brane, M5-brane, and Kaluza-Klein monopole, respectively. The mass M^′ can be written as

M^′ = e^{⟨γ,⃗h⟩} M^9_p V_{10}

, V_{10} ≡ R_1 · · · R_{10}.

The factor V_{10} might seem strange at first, but if we recall the definition of conformal time (2.14), we can write the Minkowski action S̃_γ of the brane per unit conformal time as dS̃_γ dτ̃ = 2πM^9_p V_{10} dS_γ dt = 2πM^9_p V_{10}M^′ = 2πe^{⟨γ,⃗h⟩} . (4.6)

We will refer to this equation as the mass formula.

The remaining roots from table 1 or equation (3.2) are

e^{⟨Θ12;34567;89 10,⃗h⟩} = M^{21}_p R_1R_2(R_3 · · · R_7)^2(R_8R_9R_{10})^3, M^′ = M^{12}_p R_3 · · · R_7(R_8R_9R_{10})^2,

e^{⟨Θ12;34;56789 10,⃗h⟩} = M^{24}_p R_1R_2(R_3R_4)^2(R_5 · · · R_{10})^3, M^′ = M^{15}_p R_3R_4(R_5 · · · R_{10})^2,

– 25 – e^{⟨Θ12;;3456789;10 ,⃗h⟩} = M^{27}_p R_1R_2(R_3 · · · R_9)^3R^4_{10}, M^′ = M^{18}_p (R_3 · · · R_9)^2R^3_{10},

e^{⟨Θ12;3456789 10,⃗h⟩} = M^{18}_p R_1R_2(R_3R_4R_5R_6R_7R_8R_9R_{10})^2, M^′ = M^9_p R_3R_4R_5R_6R_7R_8R_9R_{10}. (4.7)

The roots in equation (4.7) are unfamiliar objects, but the first three roots are Weyl reflections (formally U-duals) of the roots of (4.5). Note that the expressions for the masses of Θ_{12;34567;89 10}, Θ_{12;34;56789 10} can be obtained from the actions of the real roots Θ_{2...7;89 10}, Θ_{234;5...10} (see table 2) as follows

M^′ {Θ_{12;34567;89 10}} =

S {Θ_{2...7;89 10}} 2πR_2 , M^′ {Θ_{12;34;56789 10}} =

S {Θ_{234;5...10}} 2πR_2 . This is in agreement with our physical interpretation of the real roots as instantons. The imaginary roots can be obtained by Wick rotating an instanton back to Minkowski space. If we replace R_2 with the time direction we can formally convert the instantons to the Minkowski branes associated with the two imaginary roots Θ_{12;34567;89 10}, Θ_{12;34;56789 10}.

The third imaginary root Θ_{12;;3456789;10} in (4.7) can be obtained in a similar way from the real root Θ_{2;3456789;10}. The latter does not appear in table 2) because its singleton count is s = 1, but it can be written as δ + Θ_{3...9;10}, and Θ_{3...9;10} appears in table 2 as the root corresponding to a Kaluza-Klein monopole.

The last root satisfies (Θ_{12;3456789 10})^2 = −2 and so cannot be a Weyl reflection of the other roots (that square to zero). It can be obtained by a Wick rotation similar to the one discussed above, but we have to start with δ ≡ Θ_{2...10} which is an imaginary rather than a real root, and therefore does not correspond to an instanton. The physical interpretation of Θ_{12;3456789 10} is therefore different. We will return to it in section 4.4.

4.3 The multiplicity

The imaginary roots that we studied in section 4.1 have a multiplicity of m = 8. This means that the Lie algebra E_{10} has 8 different generators for the same root. The root determines the commutation relations of these generators with the Cartan subalgebra ĥ_R, and determines the mass of the brane (4.6). Thus, all m = 8 generators with the same root yield the same mass. In fact, from the brane creation process discussed in section 4.1 it is obvious that all m = 8 generators correspond to the same object.

For example, we constructed an M2-brane stretched in the 1^{st} and 2^{nd} directions with γ given by (4.2), using the two instantons α, β given by (4.1). The root γ was imaginary with multiplicity m = 8 and satisfied γ = α + β. The natural Lie algebra generator to associate with this root is (up to a multiplicative factor) the commutator [J^{+α}, J^{+β} ], where J^{+α} and J^{+β} are the generators associated with the roots α, β. They are unique since α, β are real roots with multiplicity m = 1. But in (4.3) we decomposed γ = α^′ + β^′ as a sum of different real roots. It is not hard to check that [J^{+α′} , J^{+β′} ] is linearly independent of [J^{+α}, J^{+β} ]. (For this purpose, note that a Weyl transformation in the Weyl group Ŵ can be found that simultaneously maps all the roots α, β, α^′, β^′, γ to roots inside g = E_9, which is tractable.) Similarly, in (4.4) we constructed yet a third decomposition γ = α^{′′} + β^{′′} which (as is easy to check) yields another linearly independent generator.

– 26 –

Thus, it seems that it is the root that corresponds to the brane and not the generator. In the following subsection we will see that the situation is probably different for roots with negative norm.

4.4 Roots with γ^2 < 0

Take γ = α + β with

S_α = 2πe^{⟨α,⃗h⟩} = 2πM^9_p R_2R^2_4R_5R_6R_7R_8R_9R_{10},

S_β = 2πe^{⟨β,⃗h⟩} = 2πM^9_p R_1R^2_3R_5R_6R_7R_8R_9R_{10}.

Then γ^2 = −2, and

S_γ = 2πe^{⟨γ,⃗h⟩} = 2πM^{18}_p R_1R_2(R_3R_4R_5R_6R_7R_8R_9R_{10})^2.

This is the root γ = Θ_{12;3...10} that puzzled us at the end of section 4.2.

We need to understand what happens when instanton α is pushed past instanton β. Instanton α creates a jump in the first Chern class c_1 of the fibration of the 4^{th} circle over the 1^{st} and 3^{rd} directions while β creates a jump in the first Chern class of the fibration of the 3^{rd} circle over the 2^{nd} and 4^{th} directions.

We are mainly interested in the topology of the manifold. Let (x_1, x_2, x_3, x_4) be the relevant periodic coordinates with 0 ≤ x_1, . . . , x_4 < 2π. We will describe the manifold as a T^2 fibration over T^2 with the base B spanned by x_1, x_2 and the fiber F spanned by x_3, x_4. We denote a generic point of the fiber by p ≡ (x_3, x_4). A point on T^4 = B × F is denoted by (x_1, x_2, p).

Let us first discuss the effect of a single instanton, say α. Pick an arbitrary coordinate 0 < a < 2π. The geometry associated with α can be described by cutting the base B along the circle x_1 = a and gluing the part at x_1 = a − ϵ (for some small ϵ > 0) to the part at x_1 = a + ϵ by (a − ϵ, x_2, p) → (a + ϵ, x_2, M_α(p)) , 0 ≤ x_2 < 2π, p ∈ F, M_α ≡ ( 1 1 0 1 ) . Here M_β ∈ SL(2, Z) is a linear transformation acting on the T^2 fiber.

Similarly, the effect of instanton β is described by picking an arbitrary 0 ≤ b ≤ 2π, cutting the base B along x_2 = b and gluing according to (x_1, b − ϵ, p) → (x_1, b + ϵ, M_β (p)) , 0 ≤ x_1 < 2π, p ∈ F, M_β ≡ ( 1 0 1 1 ) . The resulting manifold is smooth except at points that project to (x_1, x_2) = (a, b) on the base. If we go in a circle around (a, b) we discover that the fiber F undergoes a monodromy (see figure 2)

M ≡ M_β M_αM^{−1}_β M^{−1}_α = ( 3 −1 1 0 ) ∈ SL(2, Z) . (4.8)

– 27 –

So, we found out that by pushing instan-

M_β M_β

M_α

M_α

M

1

2

a b M_α ≡ ( 1 1 0 1 )

M_β ≡ ( 1 0 1 1 )

Figure 2: The monodromies in the T^2 fiber, as we pass through cuts on the T^2 base. M is the resulting monodromy around the singular point (a, b).

ton β past instanton α we create a singularity at (x_1, x_2) = (a, b) that extends in directions 5 . . . 10 and is described by a monodromy (4.8) in SL(2, Z) for the torus in the 3^{rd}, 4^{th} directions. This is the same type of monodromies of stringy cosmic strings [70] and F-theory [71]. In fact, setting M = M_β ~M with ~M ≡ M_αM^{−1}_β M^{−1}_α we see that, after reducing on the fiber F to type-IIB in the spirit of F-theory, the singularity is that of a (0, 1) D7-brane (associated with M_β) and an anti- (1, 1) D7-brane (associated with ~M).

Note that a different decomposition of γ = α^′ + β^′ with, say,

S_α′ = 2πe^{⟨α′ ,⃗h⟩} = 2πM^9_p R_1R_3R_4R^2_5R_7R_8R_9R_{10} ,

S_β′ = 2πe^{⟨β′ ,⃗h⟩} = 2πM^9_p R_2R_3R_4R^2_6R_7R_8R_9R_{10} , (4.9)

yields an apparently different singularity. However, the two decompositions γ = α + β and γ = α^′ + β^′ define two different 1-dimensional subspaces of the 44-dimensional space ĝ_γ as follows. If we denote by J^{+α}, J^{+β}, J^{+α′} , J^{+β′} ∈ ĝ nonzero Lie algebra elements in ĝ_α, . . . , ĝ_β′ (unique up to a multiplicative constant) then [J^{+α}, J^{+β}] ∈ ĝ_γ and [J^{+α′} , J^{+β′} ] ∈ ĝ_γ are linearly independent. Thus, in this case it would appear that several different objects are associated with the same root γ, but it might be possible to associate them with different Lie algebra elements in the same space ĝ_γ .

In any case, the conclusion is that the imaginary root γ is associated with a pair of branes of different types (but perhaps not uniquely). It would be interesting to study whether more complicated imaginary roots can be associated with more complicated collections of branes. It is also interesting to note that the affine Lie algebra E_9 and the Kac-Moody E_{10} appeared in the context of configurations of (p, q) 7-branes in the past [34, 72, 35] (and see also [73]).

4.5 Nonprime roots with γ^2 = 0 According to proposition 2 all imaginary roots with γ^2 = 0 (called isotropic) are Ŵ - equivalent (U-dual) to a multiple of δ ≡ Θ_{2...10}. We will now discuss the roots γ = nδ with n > 1. Take the case n = 2 and decompose γ = α + β with

S_α = 2πe^{⟨α,⃗h⟩} = 2πM^9_p R^2R_4R_5R_6R_7R_8R_9R_{10} ,

S_β = 2πe^{⟨β,⃗h⟩} = 2πM^9_p R^2_3R_4R_5R_6R_7R_8R_9R_{10} ,

Then γ = 2δ, and

S_γ = 2πe^{⟨γ,⃗h⟩} = 2πM^{18}_p (R_2R_3R_4R_5R_6R_7R_8R_9R_{10})^2.

– 28 –

In this case, an interpretation of γ via a brane creation process does not work. If we try to mimic the discussion of section 4.4, we discover that the two instantons can pass through each other unharmed. Indeed, this time instanton α creates a jump in the first Chern class c_1 of the fibration of the 2^{nd} circle over the 1^{st} and 3^{rd} directions while β creates a jump in the first Chern class of the fibration of the 3^{rd} circle over the 1^{st} and 2^{nd} directions.

We can create a nontrivial circle fibration of the 3^{rd} direction over the 1 − 2 plane by cutting a small disc around the origin of the 1 − 2 plane, say of radius ϵ > 0, and gluing it back with a twist

(x_1 = ϵ cos θ, x_2 = ϵ sin θ, x_3) → (ϵ cos θ, ϵ sin θ, x_3 + θ).

Now let us put the two instantons together. Start with T^3 = S^1 × S^1 × S^1 with directions 1, . . . , 3. We can simulate the effect of α as follows. Define

Σ_α^{def}= {(0, x_2, 0) : 0 ≤ x_2 < 2π} ⊂ T^3 .

Let N_α be a small tubular neighborhood of Σ_α. Its topology is D × S^1 where D is the 2-dimensional disc. The boundary of N_α has topology T^2. We can pick N_α such that

∂N_α = {(ϵ cos θ, x_2, ϵ sin θ) : 0 ≤ x_2 < 2π, 0 ≤ θ < 2π} ,

for some small ϵ > 0. Topologically, the effect of α is to cut out N_α off T^3 and glue it back after a Dehn twist:

(ϵ cos θ, x_2, ϵ sin θ) → (ϵ cos θ, x_2 + θ, ϵ sin θ).

Similarly, β can be simulated by cutting a small tubular neighborhood N_β around

Σ_α^{def}= {(0, 0, x_3) : 0 ≤ x_3 < 2π} ⊂ T^3 ,

and gluing it back with a Dehn twist.

But Σ_α and Σ_β are 1-dimensional. We can therefore deform them so that they do not intersect inside T^3. The two instantons can therefore pass through without affecting each other. (If we had tried the same construction in section 4.4 we would have discovered that Σ_α and Σ_β are 2-dimensional and generically intersect at a point inside T^4.)

The nonprime roots must therefore have another interpretation. We do not know what it is.

4.6 Decomposition of level-1 imaginary roots

We will now show that any level-1 imaginary root can be constructed in the manner above, by interchanging the time order between two instantons.

Claim 4. Any imaginary root γ ∈ Δ̂_{[1]} is Ŵ -dual to a sum of two positive real roots.

– 29 –

Proof. We have to show that there exists w ∈ Ŵ (the Weyl group of E_{10}) such that w(γ) = α+β for α, β ∈ Δ̂^+_{Re}. Recall from section 2.1.2 that any γ ∈ Δ̂_{[1]} can be reflected into Δ̂_{[1]}∩P_+ using the E_9 Weyl group W . Recall that P_+ is the set of positive dominant weights of E_9 ⊂ E_{10} and can be explicitly written as P_+ ∩ Δ̂_{[1]} = {α_{−1} + nδ : n ≥ 0}. The latter roots are imaginary for n ≥ 1. Then, for n ≥ 1, we can decompose r_0(α_{−1} + nδ) = α + β with α = α_{−1} + α_0 + α_1 , β = nδ − α_1 .

4.7 Decomposition of arbitrary imaginary roots

Now let us discuss the decomposition of more general imaginary roots. Let γ ∈ Δ̂^+_{Im} be an imaginary root of E_{10}. Can we decompose it as a sum of two positive real roots, γ = α+β?

The problem of finding α that satisfies

α^2 = 2 , (γ − α)^2 = 2 =⇒ γ^2 = 2(γ|α),

reduces to an inhomogeneous quadratic Diophantine equation in 9 integer unknowns. (We can, for example, eliminate n_{10} from the linear equation γ^2 = 2(γ|α) and substitute it in α^2 = 2.) For γ^2 < 0, it is not hard to see that the quadratic form is elliptic. (Over R, the metric on ĥ_R is equivalent to the lorentzian metric on R^{9,1} . The vector γ is timelike, and therefore the equations α^2 = 2 and γ^2 = 2(γ|α) define an 8-dimensional ellipsoid.) We do not know the general answer, but we have tried to decompose several imaginary roots by computer, and were successful each time.

For physical purposes, it is enough to address the weaker question of whether we can find a Weyl-group element w ∈ Ŵ such that w(γ) = α + β for some α, β ∈ Δ̂^+_{Re}. We can actually drop the restriction of positivity for α, β, because of the following

Claim 5. Existence of a decomposition w(γ) = α − β with α, β ∈ Δ̂^+_{Re}, implies existence of a decomposition w(γ) = α^′ + β^′ with α^′, β^′ ∈ Δ̂^+_{Re}.

Proof. Suppose γ = α − β. First assume that the minimal number of simple reflections needed to bring β to a simple root is smaller than or equal to the number required for α. Then, applying this minimal list of simple reflections, we obtain w^′(γ) = α^{′′} − α_i, for some α^{′′} ∈ Δ̂^+_{Re}, and some simple root α_i = r_{αis} ∘ · · · ∘ r_{αi1} (β). To see that α^{′′} ∈ Δ̂^+_{Re}, we have to use lemma 3.7 of [41] which states that the only way for a sequence of simple reflections r_{αis} ∘ r_{αis−1} ∘ · · · ∘ r_{αi1} to take a positive root to a negative root is by passing through a simple root at some stage α_j = r_{αit} ∘ · · · ∘ r_{αi1} (α) (1 ≤ t < s). But we assumed that at least s simple reflections are required to turn α into a simple root, so α^{′′} ∈ Δ̂^+_{Re}. We can now write r_{αi} w^′(γ) = α_i + r_{αi} (α^{′′}). It is easy to see that α^′ ≡ r_{αi} (α^{′′}) cannot be a simple root (otherwise α^′ + α_i would be a real root of E_{10}) and therefore, by the same arguments as above, it cannot be a negative root and so must be positive. Setting β^′ ≡ α_i and w ≡ r_{αi} ∘ w^′ we obtain the requisite decomposition w(γ) = α^′ + β^′.

If it is α that requires the smaller number of simple reflections to turn it into a simple root then, following the same steps as above, we get a decomposition w(γ) = −α^′ −β^′. But,

– 30 – according to proposition 5.2 of [41], a positive imaginary root γ cannot be Ŵ -equivalent to a negative imaginary root −α^′ − β^′ (in sharp contrast to real roots!). So this case is ruled out.

4.8 Billiard cosmology with matter

To conclude this section we will apply the relation between physical branes and imaginary roots to billiard cosmology. In section 2.2 the matter component of the universe was provided by the fluxes. In this section we will add physical Kaluza-Klein particles and branes. In the absence of fluxes, we must make sure that the total charge of any type must be zero. We can do that by adding an equal amount of branes and anti-branes. As we have discussed in section 4.1, the presence of fluxes can induce a brane charge. Let α and β be two real roots such that γ = α + β is an imaginary root that is Ŵ -dual to δ [defined in equation (2.3)]. If we turn on N_α units of flux corresponding to α and N_β units of the β-flux, then we get effective N_αN_β units of γ-charge which must be canceled by N_αN_β γ-type anti-branes. The flux contributes a term of the form −πN^2_αe^{2⟨α,⃗h⟩} − πN^2_β e^{2⟨β,⃗h⟩} to the effective lagrangian (2.15). N_γ branes (or anti-branes) of type corresponding to γ contribute a term of the form −2πN_γ e^{⟨γ,⃗h⟩} (4.10) to the lagrangian.

In [26, 27, 28] it was argued that each potential term exp{2⟨α,⃗h⟩} can be approximated by a wall in ⃗h-space, and it was further argued that only the walls corresponding to the simple roots α = α_{−1}, . . . , α_8 are important. Up to a finite piece, the other walls are generically hidden behind the walls of the simple roots.

The new terms exp ⟨γ,⃗h⟩ that come from matter correspond to potential terms that are in general smaller than the terms related to the simple roots. If N_γ = |N_αN_β|, which is the minimal amount of branes necessary to balance the effective charge of the fluxes, then 2πN_γ e^{⟨γ,⃗h⟩} ≤ πN^2_αe^{2⟨α,⃗h⟩} + πN^2_β e^{2⟨β,⃗h⟩} . In principle, however, we can let N_γ be larger if we add pairs of branes and anti-branes. In this case, since γ is lightlike, the term exp ⟨γ,⃗h⟩ cannot be replaced by a wall because the billiard ball can penetrate the region where exp ⟨γ,⃗h⟩ is large, as can be seen after writing down the equations of motion. (What makes this possible is the fact that the kinetic term in the lagrangian (2.15) is not positive definite.)

In addition, the dynamics could be more complicated since the branes could interact and annihilate. This topic is beyond the scope of this paper. (See [74] for a discussion on the dynamics of strings and branes in cosmology.)

It is also interesting to compare the term (4.10) to the effective σ-model proposed in [28]. There, an effective potential which contained a sum over all positive roots with terms of the form exp{2⟨γ,⃗h⟩} was proposed to describe M-theory near a spatial Kasner-like singularity. Our term (4.10) is different by a factor of 2 in the exponent!

– 31 –

5. Interactions

We have seen that real roots of E_{10} describe fluxes and instantons, and certain imaginary roots describe branes. In this section we will discuss combinations of roots. We will begin with a combination of two imaginary roots, and ask how the features of the interactions of the corresponding branes are related to the algebraic properties of the roots. We will then study the effects of a flux corresponding to a real root on a brane corresponding to an imaginary root.

5.1 Brane interactions

Take two imaginary roots α and β that correspond to physical branes as above. What can we say about the interaction between the branes from the algebraic perspective?

The inner product (α|β) encodes the basic properties of the interaction. We have discussed in section 3.2 the relation between threshold binding of instantons and the orthogonality of their corresponding real roots. We can now ask what is the condition on two imaginary roots α and β so that the corresponding physical branes could bind at threshold. Let M_α and M_β be the masses (i.e. actions per unit time) of the individual branes. The type of interaction we are interested in is characterized by the formation of a bound state with mass M_α + M_β, in the absence of θ-angles. Take for example,

S_α = 2πM^{12}_p V_{10}R_1R_2 , S_β = 2πM^{12}_p V_{10}R_3R_4.

In the absence of θ-angles, the corresponding M2-branes can bind at threshold to form an object with mass M^3_p (R_1R_2 + R_3R_4). We calculate (α|β) = −2.

We conclude that the condition for binding at threshold is

(α|β) = −2 =⇒ binding at threshold. (5.1)

This condition also applies for U-dual examples, such as a Kaluza-Klein particle with mass R^{−1}_1 binding to an M2-brane with mass M^3_p R_1R_2, and so on. In particular, the fact that an M2-brane can end on an M5-brane [64] can be traced back to the possibility of the two objects to bind at threshold [57]. For this example, take an M2-brane with mass M^3_p R_1R_2 and an M5-brane with mass M^6_p R_2R_3R_4R_5R_6; condition (5.1) is again satisfied.

The next type of interaction is typically characterized by forming a bound state with mass √ M^2_α + M^2_β . For example, take α, β with

S_α = 2πM^{12}_p V_{10}R_1R_2 , S_β = 2πM^{12}_p V_{10}R_1R_3 .

This corresponds to one M2-brane with mass M^3_p R_1R_2 and a second with mass M^3_p R_1R_3. The corresponding M2-branes can bind to form an object with mass M^3_p R_1 √ R^2 + R^2_3, according to the Pythagorean theorem.

This type of interaction also occurs when a brane absorbs a Kaluza-Klein particle and gains momentum in an orthogonal direction. For example, take α, β with

S_α = 2πM^9_p V_{10}R^{−1}_1 , S_β = 2πM^{12}_p V_{10}R_2R_3 .

– 32 –

Here α corresponds to Kaluza-Klein momentum in the 1^{st} direction, and β corresponds to an M2-brane in the 2^{nd} and 3^{rd} directions. The M2-brane can absorb the momentum and get an energy of √ (M^3_p R_2R_3)^2 + (R^{−1}_1 )^2.

A third example is furnished by an M5-brane absorbing an M2-brane which becomes a 3-form tensor flux supported on its world-volume. In this case:

S_α = 2πM^{12}_p V_{10}R_1R_2 , S_β = 2πM^{15}_p V_{10}R_1R_2R_3R_4R_5 .

This is also dual to D-branes with electric or magnetic fluxes [75, 76, 63]. Inspired by the first example, we will refer to such an interaction as Pythagorean binding. In all these cases we have (α|β) = −1 =⇒ Pythagorean binding.

In the case of Pythagorean interaction, either α − β or β − α is a positive real root.

For a third type of interaction, consider the process of brane creation. Take, for example, the case of [48] with two M5-branes that pass through each other,

S_α = 2πM^{15}_p V_{10}R_1R_2R_3R_4R_5 , S_β = 2πM^{15}_p V_{10}R_1R_6R_7R_8R_9 .

In this, or any of its U-dual versions, we get

(α|β) = −4 =⇒ Brane creation process.

We have covered the cases (α|β) = −1, −2, −4. It would be interesting to find the physical interpretation of other cases.

5.2 Interactions of branes with fluxes

In the previous section we discussed the interaction of two branes associated to the imaginary roots α, β. In this section we will take α to be imaginary and β to be real.

We assume that the imaginary root α corresponds to a Minkowski brane B_α and the real root β corresponds to a flux. (The instanton associated with β creates a jump in that flux.) In this section we study the interaction of the brane B_α with the flux. We will again attempt to characterize it according to the inner product (α|β).

We will assume that ⃗h, the vector of (log R_i)’s, is in such an asymptotic range that the brane B_α is described by low-energy field theory and that the effect of the flux can be treated perturbatively, and we will restrict the discussion to first order.

As a first example, use the 10^{th} direction to reduce from M-theory to type-IIA and take B_α to be a D2-brane so that

e^{⟨⃗h,α⟩} = M^{12}_p V_{10}R_8R_9 =

M_s^{11}V_9 g_s^3

R_8R_9 . (5.2)

Where we have introduced the type-IIA string scale M_s ≡ M^{32}_p R^{12}_{10}, and coupling constant g_s ≡ (M_pR_{10})^32 .

– 33 –

The D2-brane is described by a U(1) super-Yang-Mills theory with field strength F_{μν} (μ, ν = 0, . . . , 2), 7 scalars ϕ^I (I = 1, . . . , 7), and 8 Majorana fermions ψ^a (a = 1, . . . , 8), with lagrangian

L_{2+1D} = 1 4g_s [ F_{μν} F^{μν} + δ_{IJ} ∂_μϕ^I ∂^μϕ^J + δ_{ab}ψ^a∂̸ψ^b ] . (5.3)

The index a of the fermions corresponds to the spinor representation 8 of the R-symmetry group Spin(7) and the index I corresponds to the vector representation 7.

Let us first take the flux to be an NSNS flux H_{123}. The corresponding instanton is an NS5-brane in directions 4, . . . , 9, so that 2πe^{⟨⃗h,β⟩} = S_β = 2πM_s^6 g_s^2

R_4 · · · R_9 = 2πM^6_p R_4 · · · R_9 .

Note that (α|β) = 0. The effect of such a flux is to “pin” the brane [77] and add a mass term to Φ^1, Φ^2, Φ^3 and to the fermions. The term linear in the flux is a mass term proportional to H_{123}ψΓ^{123}ψ where Γ^I (I = 1, . . . , 7) are Dirac matrices of Spin(7). It is worthwhile noting that after a series of U-dualities and a Penrose limit, the mass term above can be traced [78] to the mass term in the lightcone string theory that describes pp-waves [79, 80].

For the second example, let us stay with the D2-brane but take the flux to be an NSNS H_{129}. Now the flux has one leg along the D2-brane. The effect is [81, 78, 82] a nonlocal deformation of 2+1D super-Yang-Mills theory to a dipole theory [83]. The first order deformation is proportional to

H_{129}F_{9μ}(Φ^{[1}∂^μΦ^{2]} + ψΓ^{12}σ^μψ) ,

where 9 is a direction on the brane, and σ^μ is a 2+1D Dirac matrix.

In this case 2πe^{⟨⃗h,β⟩} = S_β = 2πM^6_p R_3R_4 · · · R_8 ,

and (α|β) = −1.

For a third example, we will add a Chern-Simons interaction to the lagrangian (5.3). To get the Chern-Simons interaction we will start with type-IIB this time. Take a D3-brane in directions 7, . . . , 9 with a low energy effective action given by N = 4 super-Yang-Mills theory, L_{3+1D} =^1_{4gs} F_{μν} F^{μν} + · · · , and the scalars and fermions will not concern us this time. To add a Chern-Simons interaction we need to recall the coupling between the RR 0-form χ of type-IIB and the 2-form field strength F . It is ∫ χF ∧ F = − ∫ dχ ∧ A ∧ F . So, if we can find an instanton that creates a constant gradient in χ in say the 7^{th} direction, we can get the Chern-Simons term ∫ A ∧ F after dimensionally reducing to 2+1D, by forgetting the 7^{th} direction. (We also get a mass term for the fermions, as is required for supersymmetric Chern-Simons theory.) The flux dχ is created by a D7-brane instanton. But it is more convenient to formally T-dualize along the 7^{th} direction. The D3-brane

– 34 –

(a) Mass term (α|β) = 0

1, 2, 3 H β

8, 9 α ∼ ψψ

(b) Dipole term (α|β) = −1

1, 2

9 H β

8, 9 α

∼ F ϕ∂ϕ +F ψψ

(c) Chern-Simons term (α|β) = −2

1, . . . , 7

8, 9 β

8, 9 α ∼ A ∧ F

Figure 3: Three types of interactions of a D2-brane with flux. The D2-brane is in the plane of the 8^{th}, 9^{th} directions (and time). The imaginary root associated with it is α. The flux is associated with the real root β. The arrows indicate the directions of the flux: (a) A mass term appears as a result of an NSNS flux orthogonal to the brane; (b) A dipole interaction appears as a result of an NSNS flux with two legs orthogonal to the brane and one leg parallel to the brane; (c) A Chern-Simons term appears in massive type-IIA theory (the flux permeates throughout space).

becomes a D2-brane corresponding to the root α as before (5.2). The D7-brane instanton becomes a D8-brane with formal action, 2πe^{⟨⃗h,β⟩} = S_β = 2πM_s^9 g_s R_1 · · · R_9 = 2πM^{12}_p R_1 · · · R_9R^3_{10} .

Note that (α|β) = −2. The D8-brane instanton turns type-IIA into a massive type- IIA [84, 85, 86], and we can arrive at the same Chern-Simons term by studying D-branes in massive type-IIA theory [87].

To conclude, we have found the following interactions of fluxes with branes (see figure 3),

(α|β) = 0 =⇒ Mass term, (α|β) = −1 =⇒ Dipole interaction, (α|β) = −2 =⇒ Chern-Simons. (5.4)

5.3 Interaction potentials

How can we connect the interactions on the righthand column of (5.4) with the algebraic properties of the roots?

In this subsection we will write down formulas for the potential energies of the interactions. The formulas are in the spirit of the mass formula (4.6) and relate the derivative of the action with respect to conformal time τ̃ to the roots.

Let us start with the case of a D2-brane in the 8^{th}, 9^{th} directions that is immersed in H_{123} NSNS flux, as in figure 3a. We need to calculate the mass term that is generated on the D2-brane world-volume. The magnitude of the flux is H_{123}/R_1R_2R_3, and it therefore follows that the mass term is proportional to exp ⟨α,⃗h⟩, in units dual to conformal time.

– 35 –

However, this formula does not tell us which degrees of freedom on the brane (i.e. which components of the fermions) receive a mass term. In order to distinguish the components, it will be more convenient to work with a mass term that preserves some supersymmetry. This can be achieved by adding H_{145} so that we now have both H_{123} and H_{145} fluxes perpendicular to the brane. The magnitudes of the fluxes H_{123}/R_1R_2R_3 and H_{145}/R_1R_4R_5 must be equal for some supersymmetry to be preserved. Since the mass term is supersymmetric (both fermions and bosons get the same mass), the ground state energy will not change. It will be simply the mass of the D2-brane. We need to find some way to coax the mass term to show itself as a change in energy.

We have at our disposal the option to add more branes and fluxes, and this is what we will do. We will adopt the same method used in [10]–[12]. We first note that the details of the H_{123}-related mass term are such that every state on the brane with angular momentum in the 2 − 3 plane (which corresponds to an R-symmetry generator in the field theory on the D2-brane) gets an additional energy proportional to the angular momentum. Similarly, the H_{145} term is related to angular momentum in the 4−5 plane. The ground state, having zero angular momentum, is not lifted.

Thus, to test the mass term we need to add angular momentum in the 2 − 3 plane, say, and check the extra term in the energy of the state. But from the E_{10} perspective we can only easily add Kaluza-Klein momentum in some direction 1, . . . , 7 perpendicular to the brane, not angular momentum. We need to find a trick to convert angular momentum to ordinary Kaluza-Klein momentum.

The trick is to add a “spectator” Kaluza-Klein monopole. Consider a type-IIA Kaluza- Klein monopole in R^{8,1} × S^1 space, with S^1 corresponding to the 5^{th} direction and let the monopole be extended in the 1^{st}, 6^{th}, . . . , 9^{th} directions. We will ignore the 1^{st}, 6^{th}, . . . , 9^{th} directions, for the moment. The Taub-NUT solution, corresponding to the Kaluza-Klein monopole, is

ds^2 = R^2_5U ( dx_5 − 4∑ i=2 A_idx_i )_2 +U^{−1} 4∑ i=2 dx^2_i , 0 ≤ x_5 ≤ 2π, U ≡ 1 + R^5 √∑_4 i=2 x^2_i −1 ,

where A_i is the gauge field of a monopole centered at the origin. The Taub-NUT solution is a fibration of a circle (the 5^{th} direction) over R^3 such that at ∞ the circle has a constant radius R_5. The Taub-NUT solution is smooth at the origin. The relevant point for us is that there is an isometry that looks like a translation in the 5^{th} (the S^1’s) direction at ∞ and as a rotation in SO(4) of the R^4 tangent space at the origin. If we place a D-brane at the origin (and allow it to extend in some of the other directions 1, 6, . . . , 9) we can convert angular momentum in directions 2, 3, 4, 5 perpendicular to the brane to Kaluza- Klein momentum in the 5^{th} direction at ∞ far from the brane. The upshot is that together with the Kaluza-Klein monopole, states with Kaluza-Klein momentum in the 5^{th} direction should get extra energy.

Now let us rephrase the story in E_{10} language. First, it will be convenient to generate the NSNS fluxes H_{123} and H_{145} not via an instanton, as we did in section 5.2, but via a θ-angle. The spectator Kaluza-Klein monopole helps us with that too [81]. Suppose that

– 36 – far away from the origin we try to set up a constant NSNS B_{15}-field. The Taub-NUT geometry looks locally like R^3 × S^1 with a constant S^1, so unless we get very close to the origin there is no problem in setting up the constant B_{15}-field. But if try to extend B_{15} to the full Taub-NUT geometry we run into an obstacle. We have to set the B-field to be proportional to the global angular 1-form of the fibration, but that form is not closed, so there has to be an H = dB flux. In fact, at the origin the value of the flux turns out to be |H|^2 ∼ (B_{15}/R_1R^2_5)^2, where 0 ≤ B_{15} < 2π is the asymptotic value of the B-field at infinity [81].

Now we are ready to translate to E_{10}-roots. Let us lift back from type-IIA to Mtheory along the 10^{th} direction. We have the imaginary root α that corresponds to the D2-brane, the imaginary root σ that corresponds to the spectator Kaluza-Klein monopole, the imaginary root γ that corresponds to Kaluza-Klein momentum in the 5^{th} direction (to be converted to angular momentum by the Kaluza-Klein monopole) and finally, we have the real root η that corresponds to the θ-angle that is the NSNS 2-form flux C_η ≡ B_{15}. The corresponding actions are listed in the following table:

Object Root Action/2π D2-brane α e^{⟨α,⃗h⟩} = M^{12}_p V_{10}R_8R_9 Spectator σ e^{⟨σ,⃗h⟩} = M^{18}_p V^2_{10}R_5/R_2R_3R_4 Momentum γ e^{⟨γ,⃗h⟩} = M^9_p V_{10}/R_5 B-flux η e^{⟨η,⃗h⟩} = M^3_p R_1R_5R_{10}

The extra energy due to the interaction of the flux with the brane that we expect is ΔV ∼ C_η M_s^2R_1R^2_5 = C_η M^3_p R_1R^2_5R_{10} .

In the spirit of the mass formula (4.6), we write it as dS̃_I dτ̃ = 2πM^9_p V_{10}ΔV ∼ e^{⟨γ−η,⃗h⟩}C_η , (γ|η) = −1. (5.5) where S̃_I is the extra term in the action due to the interaction. We see that the spectator root σ does not enter into the interaction formula. Note also that (α|γ) = −1 , (α|η) = −1 . We can similarly study the case depicted in figure 3b. In this case, states with 2 − 3 or 4 − 5 angular momentum have an effective electric dipole on the D2-brane worldvolume. The dipole vector is proportional to the angular momentum and is directed along the 9^{th} direction. To probe it we need to add an additional electric field on the D2-brane, as was done in [81]. We can do it by adding an extra fundamental string charge to the setting, but we will not do that here.

– 37 –

6. A note on supersymmetry

For M-theory on T^8, each instanton that corresponds to a (real) positive root of E_{8(8)} breaks half the supersymmetry. The supersymmetry generators transform in the vector representation of the double cover of the maximal compact subgroup K_8 = Spin(16)/Z_2 of E_{8(8)}.^1 (Spin(16) has a Z_2 × Z_2 center. The first Z_2 factor is trivial in the spinor representation, while the second factor is trivial in the vector representation. The Z_2 factor in K_8 is the second one, since the adjoint representation of E_8 decomposes as the 120 adjoint of so(16) plus the 128 spinor of so(16), but does not contain the vector 16.)

Physically, each real positive root therefore defines a subalgebra of the Lie algebra so(16). This is the subalgebra that preserves the unbroken supersymmetry. We will now study this relation from the group theoretic point of view. For a related discussion see [88, 18, 19, 20, 24].

First, let us explain what we mean by the action of K. Classically, the low-energy limit of M-theory on T^8 is described by a supersymmetric σ-model with target space G/K where G = E_{8(8)} and K = Spin(16)/Z_2. A point in the target space can be parameterized as a coset gK with g ∈ G. The σ-model can be formulated as a gauged σ-model with target space G and gauge group K acting on G from the right. The fermions ψ are in the vector representation of K. But this action of K from the right is not physically interesting, because it is merely a gauge symmetry. We are interested in the gauge invariant combinations gψ on which K acts from the left as gψ → xgψ, for x ∈ K. (Note that gψ is defined only up to a sign ambiguity because of the Z_2 factor in K, but bilinears in ψ are well defined.) This K-symmetry, being broken by instantons, is not a good quantum symmetry. But this is precisely the point here — each instanton term breaks a part of K and defines an unbroken subgroup.

Consider 10+1D uncompactified M-theory. The supersymmetry generators are Majorana spinors of so(10, 1). Under so(8) ⊕ so(2, 1) ⊂ so(10, 1) they decompose as 32 = (8_c ⊕ 8_s) ⊗ 2, where 8_c and 8_s are the two real spin representations of so(8) and 2 is the real spin representation of so(2, 1). Let V be the 16-dimensional real vector space 8_c ⊕ 8_s. Both 8_c and 8_s have an so(8)-invariant bilinear form that we denote by (·|·)_c and (·|·)_s, respectively. The supersymmetry generators are 2+1D spinors which take values in V . The R-symmetry algebra so(16) acts on V as the subset of gl(V, R) that preserves the bilinear form (·|·)_c + (·|·)_s. Choose a Majorana representation so that the Dirac Γmatrices are purely imaginary. A massless particle with momentum ⃗p = (p_0, p_1, . . . , p_{10}) preserves the supersymmetry generators that satisfy (p_0Γ^0 +

∑_{10} 1 p_iΓ^i)x = 0, for x ∈ V .

Now consider a Kaluza-Klein instanton with momentum in the j^{th} direction and worldline in the k^{th} direction, so that the action is R_kR^{−1}_j . After Wick rotating the massless particle we find that the instanton preserves x ∈ V that commute with Γ^{kj}. It defines the subspace W_{k;j}^{def}= {x ∈ V : iΓ^{kj}x = x} ⊂ V . 1We are grateful to R. Borcherds for pointing out to us that K8 should not be denoted by SO(16).

– 38 –

We denote the subalgebra of so(16) that preserves W_{k;j} by

U_{k;j}^{def}= {g ∈ so(16) : Γ^{kj}g = gΓ^{kj} } ⊂ so(16) .

U_{k;j} is isomorphic to u(8).

Similarly, an M2-brane instanton stretched in directions j_1, j_2, j_3 defines a subspace W_{j1j2j3}^{def}= {x ∈ V : iΓ^{j1j2j3} x = x} ⊂ V . We denote the subalgebra of so(16) that preserves W_{j1j2j3} by

U_{j1j2j3}^{def}= {g ∈ so(16) : Γ^{j1j2j3} g = gΓ^{j1j2j3} } ⊂ so(16)

U_{j1j2j3} is also isomorphic to u(8).

To see this, let us take, without loss of generality, (j_1, j_2, j_3) = (1, 2, 3), and let us decompose the representation V of so(8) under the Lie algebra so(3) ⊕ so(5) ⊂ so(8). We find that V decomposes as the complex representation (2, 4) of so(3) ⊕ so(5). The components of a vector z ∈ V can be written as z^{αa} where α = 1, 2 and a = 1, . . . , 4. The bilinear form (·|·) ≡ (·|·)_c + (·|·)_s can be written as (z|z) = ∑ α,a |z^{αa}|^2. We can decompose each component into its real and imaginary parts as z^{αa} = u^{(αa)} + iv^{(αa)}. The elements of so(3) and so(5) mix the components u^{(αa)} with v^{(αa)} and iΓ^{123} acts as z^{αa} → iz^{αa} and therefore as u^{(αa)} → −v^{(αa)}, and v^{(αa)} → u^{(αa)}. The subalgebra U_{j1j2j3} ⊂ so(16) is therefore the subalgebra that commutes with the transformation above and is isomorphic to u(8), as we claimed.

On the other hand, as we have reviewed in section 2.3, the Kaluza-Klein and the M2- brane instantons correspond to positive roots of E_8. Thus, in the same way as above, every positive root α of E_8 defines a subalgebra U_α of so(16).

The subalgebra so(16) ⊂ E_8 is generated by e_i − f_i (i = 1, . . . , 8), where e_i, f_i are Chevalley generators as in (2.1.1). Let u be a generator of the 1-dimensional root space ġ_α ⊂ E_8. The compact involution on E_8 is defined by the generating relations

ω(e_i) = −f_i , ω(f_i) = −e_i , ω(h_i) = −h_i . (6.1)

Define q_α^{def}= u + ω(u). Then U_α is the subalgebra of so(16) that commutes with q_α.

To see this consider the subsets

U_{j1;j2}^{def}= {g ∈ so(16) : Γ^{j1j2} g = gΓ^{j1j2} } ⊂ so(16) , 1 ≤ j_1 < j_2 ≤ 8 .

corresponding to Kaluza-Klein particles. Note that if we drop the 8^{th} node of the Dynkin diagram of E_8, we get the subalgebra sl(8) ⊂ E_8. This subalgebra is generated by e_i, f_i, h_i for i = 1, . . . , 7. The combinations e_i − f_i for i = 1, . . . , 7 generate so(8) ⊂ sl(8). The matrix Γ^{j1j2} can be identified with an so(8) generator on the spinor representation V . It is easy to see that for j_1 = i, and j_2 = i+1, this generator can be identified with e_i −f_i. Thus U_{j1j2} ∩ so(8) ⊂ so(16) is the subgroup that commutes with e_i − f_i. It is also not hard to see that the 8^{th} generator e_8 − f_8 can be identified with iΓ^{678} acting on V . The statement that U_{i;i+1} is the subspace of so(16) that commutes with e_i − f_i (for i = 1, . . . , 7) follows.

– 39 –

These constructions can be extended to the infinite dimensional Lie algebras g = E_9 and ĝ = E_{10}. For g, the algebra k is defined as the ω-invariant subalgebra of g. It is denoted by so(16)^∞ [8] and is not to be confused with the affine ^so(16) Lie algebra.^2 Any root α of E_9 defines the subalgebra

U_α^{def}= {v ∈ k : [v, u + ω(u)] = 0 ∀u ∈ g_α} ⊂ k

where g_α is the root space of α, which could now be of dimension higher than 1 if α is an imaginary root.

For a real root α, one can argue that U_α ∼ su(8)^∞ ⊕u(1), where su(8)^∞ is constructed from the affine Lie algebra Ê_7 in a similar way to the construction of so(16)^∞ from the affine Lie algebra g = Ê_8, that is, by considering the generators that are invariant under an involution.^2 (To see this, take α = α_{−1} without loss of generality, and note that the only elements of the form e_β − f_β that commute with e_α − f_α are such that β = nδ + β^′ with β^′ a root of E_7 ⊂ E_8 ⊂ E_9.)

For imaginary roots α = nδ it is also not hard to see that U_{nδ} is trivial. It would be interesting to find a nontrivial extension of the definition of U_α for imaginary roots and to explore its relationship with its associated brane. Perhaps, one needs to find an element u of the root space g_α, such that the centralizer of u + ω(u) (i.e. all v ∈ k such that [u + ω(u), v] = 0) is maximal in some sense. We will leave this for future work.

7. Constructing a hamiltonian

It is time to collect all the pieces into one framework. In this section we will construct a hamiltonian, based on E_{10}, that describes some of the features of M-theory on T^{10}, that we discussed above. As we do not know the full details, we will only present a few simple observations.

The Lie algebra E_{10} is integrable, which means that the Lie group G_{10} ≡ exp E_{10} can be defined. We can also define K_{10} ≡ exp k̂. (Here k̂ is defined to be the ω-invariant subalgebra of E_{10}, where ω is the compact involution, defined similarly to (6.1).) K_{10} is not actually compact but seems to be what we need (see [8]). A natural starting point is a 0+1D (quantum mechanics) σ-model on the coset space G_{10}/K_{10}. The G_{10} invariant metric on G_{10}/K_{10} is “almost” positive definite. To see what this means, consider the metric on the Lie algebra E_{10}. The Lie algebra has an invariant bilinear form [41], but it is not positive definite. This form turns out to be negative definite in the directions of k̂. In addition, the Cartan subalgebra ĥ_R has signature (9, 1) which means that it has a negative-norm element x. However, when restricted to the subspace orthogonal to x and k̂, the invariant bilinear form is positive definite. (See theorem 11.7 of [41] for more details.) Thus, after modding out G_{10} by K_{10} we get rid of all the negative-norm directions except the one in the Cartan subalgebra.^3

2We are grateful to A. Keurentjes for pointing out an incorrect statement we had made in a previous version._3

We are grateful to Edward Witten for raising this issue.

– 40 –

We now take the effective hamiltonian to be proportional to the laplacian H = −△ on the infinite dimensional space G_{10}/K_{10}. The wave functions are required to satisfy a generalized Wheeler-DeWitt equation

HΨ ≡ −△Ψ = 0 . (7.1)

The manifest G_{10} invariance could be spontaneously broken to the U-duality subgroup E_{10}(Z) by requiring Ψ to be only E_{10}(Z) invariant. This can be implemented by defining the target space, on which the laplacian △ acts, as the coset E_{10}(Z)\G_{10}/K_{10}.

Before we proceed, we have to mention that equation (7.1) appeared in similar contexts before. A σ-model on the same coset space G_{10}/K_{10} was presented in [25] and an extension to G_{11}/K_{11} was presented in [13, 15, 22]. Furthermore, equation (7.1) was also proposed in [10].

The new point of this paper is that we can identify a mechanism to go beyond dimensionally reduced classical supergravity and to test the approximation (7.1) quantum mechanically. We will attempt a quantum mechanical treatment of the variables of G_{10}/K_{10} associated with imaginary roots, and we will compare the resulting energy levels to the energies of branes and Kaluza-Klein particles that can be introduced into the evolving universe.

Specifically, “excited states” of the universe, with branes or Kaluza-Klein particles, appear to be related to excited Landau levels of a certain effective magnetic field that is naturally generated inside E_{10}(Z)\G_{10}/K_{10} when the canonical momenta dual to the variables associated with imaginary roots are nonzero. The separation between Landau levels roughly matches the expected energies of the branes, but unfortunately there is a mismatch by a factor of 2π. There are also a few other puzzles, related to the zero-point energy and to total neutrality. We present the ideas here anyway, in the hope that there might be some way to “fix” the problems. Let us now construct the model.

7.1 The variables

The model is a 0+1D quantum mechanics. “Time” is taken to be M-theory’s conformal time defined in (2.14).

Skipping the proof, which can be found elsewhere (see [28] and also [47] for the finite dimensional case), the variables of the coset G_{10}/K_{10} can be described as follows. We have 10 real variables, each taking values in R, given by the components of ⃗h that are related to the physical radii as in (2.13). In addition, we have an infinite tower of periodic variables with period 2π; there is one variable C_α associated with every positive real root α of E_{10}, and there are mult(γ) variables C_{γ,j} (j = 1, . . . , mult(γ)) associated with any positive imaginary root γ of E_{10}. Here mult(γ) is the multiplicity of the root γ. Occasionally, it will be convenient to suppress the index j. In that case, it will be understood that C_γ denotes some linear combination of the C_{γ,j}’s.

We will now construct the hamiltonian. It is going to be convenient to identify the charges of the variables under the R^{10} Cartan subalgebra ĥ_R of E_{10} that acts as ⃗h → ⃗h + ⃗ϵ , ⃗ϵ ∈ ĥ_R .

– 41 –

Under this symmetry C_α → e^{⟨α,⃗ϵ⟩}C_α , C_{γ,j} → e^{⟨γ,⃗ϵ⟩}C_{γ,j} . (7.2) This symmetry does not preserve the periodicity of C_α, C_{γ,j}, but it is a symmetry of the hamiltonian.

The hamiltonian is constructed from functions of ⃗h, C_α, C_{γ,j} and their first derivatives ∂/∂h_i, ∂/∂C_α, ∂/∂C_{γ,j} . It is probable that we also need to include fermionic degrees of freedom, but we will completely ignore the fermions in this section, for simplicity.

7.2 The hamiltonian

The hamiltonian H preserves G_{10}, and hence all the terms appearing in it conserve the R^{10} charges of (7.2). Up to a factor of −1, it is the E_{10}-invariant laplacian H = −△. Explicitly, it contains the following terms.

First, there is a term that contains only ⃗h and is given by

H_h^{def}= − 1 8π 10∑ k=1 ∂^2 ∂h_k^2 − 1 9 (_{10} ∑ k=1 ∂ ∂h_k )_2 + 10∑ k=1 ( 2k − 56 3 ) ∂ ∂h_k . (7.3)

The linear term might appear strange, but it can be deduced by extrapolation from the E_8 case. [It is also required in order for the instanton terms exp(−S_{αk} + iC_{αk} ) to be harmonic functions for the simple roots α_k. See section 2.3.] The apparent S_{10}-asymmetric form of (7.3) is also not a problem since the decomposition into positive and negative roots already breaks this S_{10} permutation symmetry.

Then we have the terms

H_0^{def}= − π ∑ α^2=2 e^{2⟨α,⃗h⟩} ∂^2 ∂C_α^2 − π ∑ α^2≤0 mult(α) ∑ j=1 e^{2⟨α,⃗h⟩} ∂^2 ∂C_{α,j}^2 Note that this term is invariant under (7.2) as ∂/∂C_α has charge −α. (The factors of π appear because of our choice of periodicity of C_α.)

In addition to H_h and H_0 we have an infinite series of ever more complex terms, so that H = H_h + H_0 + H_1 + H_2 + · · ·

where H_n is quadratic in ∂/∂C_α (or ∂/∂C_{γ,j} ) but is a polynomial of degree n in C_α (or ∂/∂C_{γ,j} ). The first terms look schematically like

H_1 ∼ ∑ γ=α+β e^{⟨β+γ−α,⃗h⟩}C_α ∂^2 ∂C_β ∂C_γ = ∑ γ=α+β e^{2⟨β,⃗h⟩}C_α ∂^2 ∂C_β ∂C_γ . (7.4)

Note that the dependence on ⃗h is entirely determined by conservation of R^{10} -charge. The expression H_1 can be deduced from the E_{10} transformation properties of H_0 and the invariance of the total expression H. Similarly, each consecutive H_n can be deduced from the E_{10}-transformation properties of its predecessors. We will not do the explicit computation here. It can be found in [28] (see also [12]).

– 42 –

The kinetic term H_0 already contains all the “wall” potential terms required for billiard cosmology without branes (see section 2.2). A state with N_α units of the flux associated with the real root α has a wave function that behaves as ∼ exp iN_αC_α. It is an eigenstate of ∂/∂C_α. Setting ∂/∂C_α → iN_α in H_0 we obtain the potential πN^2_α exp(2⟨α,⃗h⟩). That leads to the expressions discussed in section 2.2 for the wall potentials of billiard cosmology [25].

The term H_1 is also interesting in that it tells us that the target space of the σ-model is not just a product R^{10} × S^1 × S^1 × · · · — with each S^1 corresponding to a different C_α — but is a nontrivial circle bundle. For example, take two positive real roots α, β, such that γ = α + β is also real. Being periodic, the associated variables C_α, C_β parameterize a T^2. If γ = α + β and the commutator of the Lie algebra generators [J^{+α}, J^{+β} ] is proportional to J^{+γ} then the circle associated with the periodic variable C_γ is nontrivially fibered over the T^2. The first Chern class of the fibration is c_1 = 1. This is easily seen by noting that the infinitesimal E_{10} transformation exp(ϵJ^{+α}) acts as

C_α → C_α + ϵ , C_γ → C_γ + ϵ 2π C_β . For real roots, this geometrical fact has some interesting physical consequences such as Wess-Zumino terms, but we will not discuss this here (see for instance [10, 28]). If γ is an imaginary root, we have to be careful because of its multiplicity. The statement is that if the commutator of the Lie algebra generators [J^{+α}, J^{+β} ] is proportional to a generator J^{+γ,j} in the root space ĝ_γ , then C_{γ,j} is nontrivially fibered over T^2 with first Chern class c_1 = 1. This fact will be crucial in section 7.4.

To summarize, H is a quadratic differential operator (which also contains the linear term in H_h). It is essentially determined by E_{10}-invariance.

7.3 Instanton effects Universes with a flux C_α turned on must have a wave-function of the form

Ψ_α = e^{−Sα+iCα} (· · · ) . (7.5)

where (· · · ) is independent of C_α. The prefactor expresses the tunneling amplitude from a state without flux to a state with flux. A state with N_α units of flux is an eigenstate of −i∂/∂C_α. The action S_α is in general a complicated expression of the fluxes and of ⃗h, but when all the fluxes (except C_α of course) are set to zero, S_α reduces to 2π exp ⟨α,⃗h⟩ — the simplified expression that we have been using throughout this paper. The fact that the prefactor exp{−S_α + iC_α} is a harmonic function on G_{10}/K_{10} if α is a simple root (see section 2.3) is intriguing, but it seems that extra terms must be added to H in order for (7.5) to be an eigenfunction.

7.4 Branes and Landau levels In section 4 we argued that a prime imaginary root γ with γ^2 = 0 corresponds to a Minkowski brane. We found a mass formula (4.6) that expresses the mass (defined with respect to conformal time) in terms of γ, as 2π exp ⟨⃗h, γ⟩. If there are n branes, we expect a contribution to the hamiltonian of the form 2πn exp ⟨⃗h, γ⟩. We will now suggest a way in which such a term could come from quantizing the variables C_{γ,j}.

– 43 –

Decompose γ = α + β as a sum of two positive real roots, and suppose that the Lie algebra element corresponding to C_{γ,j} is proportional to the commutator [J^{+α}, J^{+β} ]. Then, C_{γ,j} is a local coordinate on a circle bundle over the C_α, C_β torus, as explained in section 7.2. Since the C_{γ,j}-circle is nontrivially fibered over the C_α, C_β torus, it follows that the negative of the laplacian △ contains terms of the form

H^′ = −πe^{2⟨⃗h,α⟩} ∂^2 ∂C_α^2 − πe^{2⟨⃗h,β⟩} ( ∂ ∂C_β − C_α 2π ∂ ∂C_{γ,j} )_2 − πe^{2⟨⃗h,γ⟩} ∂^2 ∂C_{γ,j}^2 (7.6)

(The ⃗h-dependent coefficients are determined by the R^{10} -symmetry (7.2).)

Suppose we have a state Ψ for which −i∂/∂C_{γ,j} = N_{γ,j} . Plugging that into (7.6) we find that H^′ describes the hamiltonian of an abstract charged particle on a torus (parameterized by the coordinates C_α, C_β ) with N_{γ,j} units of magnetic flux. The “cyclotron” frequency is ω = exp ⟨⃗h, α + β⟩|N_{γ,j} | = exp ⟨⃗h, γ⟩|N_{γ,j} |. Eliminating C_α we get “Landau levels” with energy H^{′′} = e^{⟨⃗h,γ⟩}|N_{γ,j}| ( n + 1 2 ) + πe^{2⟨⃗h,γ⟩}|N_{γ,j} |^2 It is now tempting to compare these states with states of the universe that contain n bound states of N_{γ,j} branes. The n-dependent part of the energy is n|N_{γ,j}| exp ⟨⃗h, γ⟩. According to the mass formula (4.6) this is similar to the contribution of n bound states of N_{γ,j} branes to the energy, but unfortunately there is a 2π mismatch.

The remaining terms in H^{′′}, which include the zero-point energy and the C_{γ,j}-flux contribution, are independent of n. We do not know how to interpret them, but perhaps they behave like a cosmological constant. Perhaps they can be cancelled if supersymmetry is properly taken into account. It might also be possible to consistently leave the problematic terms exp(2⟨⃗h, γ⟩)∂^2/∂C^2_{γ,j} out of H.

We also have to mention, however, that when all of space is compact we cannot add branes at will, because the total charge has to cancel. But we can add pairs of branes and anti-branes. If there are N_p pairs we expect a contribution to the hamiltonian of the form 2N_p × 2π exp ⟨⃗h, γ⟩. Furthermore, in section 4 we constructed branes from pairs of instantons corresponding to real roots α and β with γ = α + β such that γ^2 = 0. We argued that if there are N_α units of flux associated with the real root α and N_β units of flux associated with the real root β then, in the setting of section 4.1, there must also be a net number of N_αN_β branes, for charge neutrality. At the moment, we do not know how charge neutrality appears in the E_{10} formalism.

Finally, let us show that the mismatch factor of 2π between the Landau levels and the expected masses of branes is not an artifact of the conventions. To see this compare the energy levels of a (nonrelativistic) free particle on T^2 = S^1 × S^1 with one unit of magnetic flux, to the energy levels of the same particle on the same T^2 without any magnetic flux. In the second case, the energy levels are of the form C_1n^2_1 + C_2n^2, where C_1, C_2 are constants and n_1, n_2 ∈ Z. In the first case, the energy levels are (2n + 1) √ C_1C_2/2π. The factor of 2π in the last formula is the source of the mismatch.

– 44 –

7.5 Summary

Some features of M-theory on T^{10} are effectively described by a harmonic function on the target space E_{10}(Z)\G_{10}/K_{10} satisfying

△Ψ = 0 .

The Wheeler-DeWitt wave-function Ψ is a sum of terms with different eigenvalues of the various fluxes N_α = −i∂/∂C_α. The behavior of Ψ as a function of the radii (encoded in ⃗h) crucially depends on N_α. Different pieces of Ψ therefore describe completely different evolutions of the universe and can thus be separated.

The term without fluxes (all N_α = 0) describes possible Kasner evolutions with ‖⃗p‖^2 = 0 (in the notation of section 2.2) and, according to [9], can never describe a classical universe in the far future. Terms in Ψ for which only the fluxes N_α that are associated to simple roots are nonzero describe a chaotic evolution as in [26] and are also never classical in the far future.

But terms with nonzero quantum numbers N_γ associated to imaginary roots can describe, as we suggested, universes with an ordinary matter component composed of Kaluza- Klein states, or branes. These universes can have a classical evolution in the far future (a “safe” region of moduli space, in the terminology of [9]). Unfortunately, the brane masses that we obtain are smaller than the correct masses by a factor of 2π.

8. Conclusions and discussion

The infinite dimensional Lie algebra E_{10} is likely to play an important role in a fundamental formulation of M-theory. Its roots encode the kinematic properties of branes. Real roots encode instanton actions, and, as we have proposed in this paper, certain imaginary roots correspond to branes. We have also seen that the inner product of two imaginary roots α, β encodes basic properties of the interaction between the two corresponding branes. We have interpreted the values (α|β) = −1, −2, −4. Similarly, we have seen that the inner product of an imaginary root and a real root encodes the basic properties of the interactions of the corresponding brane with the corresponding flux. We have interpreted the values (α|β) = 0, −1, −2. We have begun to construct a Hilbert space and an effective hamiltonian that can describe some features of M-theory in this setting. We have argued that this Hilbert space has states that describe branes and Kaluza-Klein particles. The variables associated to imaginary roots play an important role in the reproduction of the mass of these branes and particles. Including branes corresponds, in this Hilbert space, to exciting a certain subset of the variables to higher Landau levels of an abstract particle in a magnetic field. Unfortunately, the masses of the branes are off by a factor of 2π, although their dependence on the metric is correct.

Many open questions remain:

1. What is the physical significance of the multiplicities of imaginary roots? The imaginary roots that we studied all have a multiplicity of m = 8, but, as we have seen in

– 45 – section 4.3, all 8 generators that correspond to the same root also correspond to the same brane. Could this multiplicity be related to the multiplicity of the supersymmetric multiplets?

2. In section 5 we classified some interactions between branes and fluxes and between pairs of branes according to the inner product of the corresponding roots. We covered the cases (α|β) = 0, −1, −2 for branes and fluxes, and the cases (α|β) = −1, −2, −4 for pairs of branes. It would be interesting to study other values of the inner products.

3. We have argued in section 4.4 that a certain imaginary root is associated to a pair of Minkowski branes of different types. It would be interesting to relate the properties of the individual branes to the properties of the root.

4. It would be interesting to prove or disprove our general decomposition conjecture that every positive imaginary root can be decomposed as a sum of positive real roots. (See section 4.7.)

5. Can the process used in section 4.1 be generalized to other imaginary roots?

6. Can the process of passing one instanton through another, used in section 4.1, be generalized to triple commutators such as [J^{+α1} , [J^{+α2} , J^{+α3} ]]?

7. In section 6 we explored various definitions for the subalgebra U_γ ⊂ k̂ ⊂ E_{10} associated with the root γ. It would be interesting to study the physical interpretation of U_γ and its relation to the supersymmetry that is preserved by the brane.

8. It would be interesting to extend the discussion to heterotic string theory where the Kac-Moody algebra DE_{18} plays a role [11]. It is intriguing that D7-branes can actually be created entirely with E_{10}, since after the lift from type-IIB to M-theory they correspond to imaginary roots, as in section 4. Therefore, it might be possible to rephrase the F-theory construction [71] entirely in terms of E_{10} variables. It would be interesting to find out how this works!

9. In the hamiltonian formulation discussed in section 7, can the zero-point energy be cancelled? Can the condition of total charge neutrality be incorporated?

10. Perhaps the most intriguing question is whether we can create an arbitrary collection of branes via a process as in section 4.4, or using the formalism of section 7. If true, it would mean that an arbitrary state of the universe can be described with the variables associated to imaginary roots of E_{10}!

Acknowledgments

It is a pleasure to thank Stephon Alexander, Michel Bauer, Richard Borcherds, Shyamoli Chaudhuri, Alexandre Givental, Marty Halpern, Arjan Keurentjes, Bom-Soo Kim, Indrajit Mitra, Lubos Motl, Boris Pioline, Mukund Rangamani, Igor Schnakenburg and Edward Witten for helpful discussions and correspondence. The work of O.J.G. was supported in

– 46 – part by the Director, Office of Science, Office of High Energy and Nuclear Physics, of the U.S. Department of Energy under Contract DE-AC03-76SF00098, and in part by the NSF under grant PHY-0098840.

Disclaimer. This document was prepared as an account of work sponsored by the United States Government. While this document is believed to contain correct information, neither the United States Government nor any agency thereof, nor The Regents of the University of California, nor any of their employees, makes any warranty, express or implied, or assumes any legal responsibility for the accuracy, completeness, or usefulness of any information, apparatus, product, or process disclosed, or represents that its use would not infringe privately owned rights. Reference herein to any specific commercial product, process, or service by its trade name, trademark, manufacturer, or otherwise, does not necessarily constitute or imply its endorsement, recommendation, or favoring by the United States Government or any agency thereof, or The Regents of the University of California. The views and opinions of authors expressed herein do not necessarily state or reflect those of the United States Government or any agency thereof or The Regents of the University of California.

A. The singleton count of real and imaginary roots

In this appendix we will prove some of the theorems from section 3. We start with claim 3: a positive imaginary root has no negative n_i’s. A positive real root has negative n_i’s only if it is a permutation of (1, −1, 0, . . . , 0).

Proof. If at least one n_i = 0, say for i = 1, then the root is in an E_9 subalgebra for which the roots are completely classified. They are the roots of E_8 plus an integer multiple of (0, 1, 1, . . . , 1). It is easy to verify that the theorem holds in that case. So we assume that all n_i ≠ 0. Suppose without loss of generality that n_k ≤ n_{k+1} ≤ · · · ≤ n_{10} < 0 and 0 < n_1 ≤ n_2 ≤ · · · ≤ n_{k−1} for some 2 ≤ k ≤ 9. Then

α^2 = 1 9 ∑ 1≤i<j≤10 (n_i − n_j)^2 − 1 9 10∑ i=1 n^2_i

= 1 9 ∑ 1≤i<j≤k−1 (n_i − n_j)^2 + 1 9 ∑ k≤i<j≤10 (n_i − n_j)^2 + 1 9 ∑ i≤k−1 ∑ j≥k (n_i + |n_j|)^2 − 1 9 10∑ i=1 n^2_i = 1 9 ∑ 1≤i<j≤k−1 (n_i − n_j)^2 + 1 9 ∑ k≤i<j≤10 (n_i − n_j)^2 + 2 9 ∑ i≤k−1 ∑ j≥k n_i|n_j | +

+ 1 9 k−1∑ i=1 (10 − k)n^2_i + 1 9 10∑ j=k (k − 2)n^2_i ≥ 1 9 [4(k − 1)(11 − k) − 10] > 2 .

Next, we prove theorem 1: the only imaginary roots with a singleton count s ≥ 2 are permutations of α = (0, 1, 1, 1, 1, 1, 1, 1, 1, 1) , α^2 = 0 , s = 9

– 47 – α = (1, 1, 1, 1, 1, 1, 1, 1, 2, 2) , α^2 = 0 , s = 8 α = (1, 1, 1, 1, 1, 2, 2, 2, 2, 2) , α^2 = 0 , s = 5 α = (1, 1, 1, 2, 2, 2, 2, 2, 2, 3) , α^2 = 0 , s = 3 α = (1, 1, 2, 2, 2, 2, 2, 3, 3, 3) , α^2 = 0 , s = 2 α = (1, 1, 2, 2, 3, 3, 3, 3, 3, 3) , α^2 = 0 , s = 2 α = (1, 1, 3, 3, 3, 3, 3, 3, 3, 4) , α^2 = 0 , s = 2 α = (1, 1, 2, 2, 2, 2, 2, 2, 2, 2) , α^2 = −2 , s = 2

and there is an infinite number of imaginary roots with singleton count s = 1.

Proof. According to the previous theorem, n_i ≥ 0 for i = 1, . . . , 10. If n_i = 0, for some n_i, then α is a root of an E_9 subalgebra. But the only imaginary roots of E_9 are given by α = (n, n, n, n, n, n, n, n, n) , α^2 = 0 . This has a singleton count s = 9 for n = 1 and singleton count s = 0 for n > 1. So, suppose without loss of generality that n_1 = n_2 = · · · = n_s = 1 and that 2 ≤ n_{s+1} ≤ n_2 ≤ · · · ≤ n_{10} for s ≥ 1. In order for α to be a root we need s +

∑_{10}

i=s+1 ni ∈ 3Z. Then

α^2 = 1 9 ∑ 1≤i<j≤10 (n_i − n_j)^2 − 1 9 10∑ i=1 n^2_i

= 1 9 ∑ s+1≤i<j≤10 (n_i − n_j)^2 + s 9 10∑ i=s+1 (n_i − 1)^2 − 1 9 10∑ i=s+1 n^2_i − s 9 .

If s > 1 we can write

α^2 = 1 9 ∑ s+1≤i<j≤10 (n_i − n_j )^2 + s − 1 9 10∑ i=s+1 ( n_i − s s − 1 )_2 − s s − 1 .

There is only a finite number of sequences 2 ≤ n_{s+1} ≤ · · · ≤ n_{10} for which the righthand side is not positive. A quick exhaustive computer search yielded the 8 imaginary roots stated above. For s = 1 we get

α^2 = 1 9 ∑ 2≤i<j≤10 (n_i − n_j)^2 − 2 9 10∑ i=2 n_i + 8 9 (A.1)

and there is an infinite number of imaginary roots with s = 1 because for any given imaginary root α we can always change n_i → n_i + 1 for all i = 1, . . . , 9 and get a root with a smaller α^2.

Finally, we prove theorem 2: the only real roots (α^2 = 2) with a singleton count s ≥ 2 are permutations of

α = (0, 0, 0, 0, 0, 0, 0, 1, 1, 1) , s = 3

– 48 – α = (0, 0, 0, 0, 1, 1, 1, 1, 1, 1) , s = 6 α = (0, 0, 1, 1, 1, 1, 1, 1, 1, 2) , s = 7 α = (0, 1, 1, 1, 1, 1, 1, 2, 2, 2) , s = 6 α = (0, 1, 1, 1, 2, 2, 2, 2, 2, 2) , s = 3 α = (1, 1, 1, 1, 1, 1, 1, 1, 1, 3) , s = 9 α = (1, 1, 1, 1, 1, 1, 2, 2, 2, 3) , s = 6 α = (1, 1, 1, 1, 2, 2, 2, 2, 3, 3) , s = 4 α = (1, 1, 1, 2, 2, 2, 3, 3, 3, 3) , s = 3 α = (1, 1, 1, 3, 3, 3, 3, 3, 3, 3) , s = 3 α = (1, 1, 2, 2, 2, 2, 2, 2, 3, 4) , s = 2 α = (1, 1, 2, 2, 2, 3, 3, 3, 3, 4) , s = 2 α = (1, 1, 2, 3, 3, 3, 3, 3, 4, 4) , s = 2 α = (1, 1, 3, 3, 3, 3, 4, 4, 4, 4) , s = 2 α = (1, 1, 3, 4, 4, 4, 4, 4, 4, 4) , s = 2 and there is an infinite number of imaginary roots with singleton count s = 1. Proof. The proof is very similar to that of theorem 1. Note that to satisfy α^2 = 2 in equation (A.1), we can start by fixing some difference, say n_3 − n_2, and pick an otherwise arbitrary sequence 2 ≤ n_2 ≤ · · · ≤ n_{10} such that 1 +

∑_{10} 2 n_i is divisible by 3 and the righthand side of (A.1) is positive. (It is not hard to see that there are an infinite number of such sequences for any value of n_3 − n_2.) It is also easy to see that the righthand side is then an even integer (as it must, being an element of the E_{10} root lattice Q̂). If we now change n_i → n_i + k for i = 2, . . . 10 we see that we decrease the righthand side of (A.1) by 2k. we can therefore find the appropriate k for which α^2 = 2, and there is an infinite number of roots like that.

References

[1] B. Julia, On infinite dimensional symmetry groups in physics, published in Copenhagen Bohr Symp. (1985) 0215.

[2] N. Marcus, A. Sagnotti and J.H. Schwarz, Infinite symmetry algebras of extended supergravity theories, Nucl. Phys. B 243 (1984) 335.

[3] H. Nicolai, A hyperbolic Lie algebra from supergravity, Phys. Lett. B 276 (1992) 333. [4] G.W. Moore, Finite in all directions, hep-th/9305139.

[5] C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B 438 (1995) 109 [hep-th/9410167].

[6] S. Mizoguchi, E_{10} symmetry in one-dimensional supergravity, Nucl. Phys. B 528 (1998) 238 [hep-th/9703160].

[7] S. Elitzur, A. Giveon, D. Kutasov and E. Rabinovici, Algebraic aspects of matrix theory on T^d, Nucl. Phys. B 509 (1998) 122 [hep-th/9707217].

– 49 –

[8] H. Nicolai, On M-theory, hep-th/9801090.

[9] T. Banks, W. Fischler and L. Motl, Dualities versus singularities, J. High Energy Phys. 01 (1999) 019 [hep-th/9811194].

[10] O.J. Ganor, Two conjectures on gauge theories, gravity and infinite dimensional Kac-Moody groups, hep-th/9903110.

[11] L. Motl and T. Banks, On the hyperbolic structure of moduli spaces with 16 SUSYs, J. High Energy Phys. 05 (1999) 015 [hep-th/9904008].

[12] O.J. Ganor, Effects in gauge theories and a harmonic function on E_{10}, hep-th/9910236. [13] P.C. West, Hidden superconformal symmetry in M-theory, J. High Energy Phys. 08 (2000) 007 [hep-th/0005270].

[14] I. Schnakenburg and P.C. West, Kac-Moody symmetries of IIB supergravity, Phys. Lett. B 517 (2001) 421 [hep-th/0107181].

[15] P.C. West, E_{11} and M-theory, Class. and Quant. Grav. 18 (2001) 4443 [hep-th/0104081]. [16] B. Pioline and A. Waldron, Quantum cosmology and conformal invariance, Phys. Rev. Lett.

90 (2003) 031302 [hep-th/0209044].

[17] F. Englert, L. Houart, A. Taormina and P. West, The symmetry of M-theories, J. High Energy Phys. 09 (2003) 020 [hep-th/0304206].

[18] C. Hull, Holonomy and symmetry in M-theory, hep-th/0305039.

[19] P. West, E_{11}, SL(32) and central charges, Phys. Lett. B 575 (2003) 333 [hep-th/0307098]. [20] A. Keurentjes, The topology of U-duality (sub-)groups, Class. and Quant. Grav. 21 (2004) 1695 [hep-th/0309106].

[21] A. Kleinschmidt, I. Schnakenburg and P. West, Very-extended Kac-Moody algebras and their interpretation at low levels, Class. and Quant. Grav. 21 (2004) 2493 [hep-th/0309198].

[22] F. Englert and L. Houart, G+++ invariant formulation of gravity and M-theories: exact BPS solutions, J. High Energy Phys. 01 (2004) 002 [hep-th/0311255].

[23] I. Schnakenburg and A. Miemiec, E_{11} and spheric vacuum solutions of eleven and ten dimensional supergravity theories, J. High Energy Phys. 05 (2004) 003 [hep-th/0312096].

[24] A. Keurentjes, U-duality (sub-)groups and their topology, Class. and Quant. Grav. 21 (2004) S1367 [hep-th/0312134].

[25] T. Damour, M. Henneaux and H. Nicolai, E_{10} and a ‘small tension expansion’ of M-theory, Phys. Rev. Lett. 89 (2002) 221601 [hep-th/0207267].

[26] T. Damour and M. Henneaux, Chaos in superstring cosmology, Phys. Rev. Lett. 85 (2000) 920 [hep-th/0003139].

[27] T. Damour, M. Henneaux, B. Julia and H. Nicolai, Hyperbolic Kac-Moody algebras and chaos in Kaluza-Klein models, Phys. Lett. B 509 (2001) 323 [hep-th/0103094].

[28] T. Damour, M. Henneaux and H. Nicolai, Cosmological billiards, Class. and Quant. Grav. 20 (2003) R145 [hep-th/0212256].

[29] S. de Buyl, G. Pinardi and C. Schomblond, Einstein billiards and spatially homogeneous cosmological models, Class. and Quant. Grav. 20 (2003) 5141 [hep-th/0306280].

– 50 –

[30] S. de Buyl, M. Henneaux, B. Julia and L. Paulot, Cosmological billiards and oxidation, Fortschr. Phys. 52 (2004) 548 [hep-th/0312251].

[31] R. Dijkgraaf, E. Verlinde and H. Verlinde, Counting dyons in N = 4 string theory, Nucl.

Phys. B 484 (1997) 543 [hep-th/9607026].

[32] J.A. Harvey and G.W. Moore, On the algebras of BPS states, Commun. Math. Phys. 197 (1998) 489 [hep-th/9609017].

[33] G.W. Moore, String duality, automorphic forms and generalized Kac-Moody algebras, Nucl.

Phys. 67 (Proc. Suppl.) (1998) 56 [hep-th/9710198].

[34] O. DeWolfe and B. Zwiebach, String junctions for arbitrary Lie algebra representations, Nucl.

Phys. B 541 (1999) 509 [hep-th/9804210].

[35] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Uncovering infinite symmetries on (p, q) 7-branes: Kac-Moody algebras and beyond, Adv. Theor. Math. Phys. 3 (1999) 1835 [hep-th/9812209].

[36] M. Bauer and D. Bernard, On root multiplicities of some hyperbolic Kac-Moody algebras, Lett. Math. Phys. 42 (1997) 153 [hep-th/9612210].

[37] O. Barwald, R.W. Gebert, M. Günaydin and H. Nicolai, Missing modules, the gnome Lie algebra and E_{10}, Commun. Math. Phys. 195 (1998) 29 [hep-th/9703084].

[38] R.W. Gebert and H. Nicolai, On the imaginary simple roots of the Borcherds algebra g_{II9,1} , Nucl. Phys. B 510 (1998) 721 [hep-th/9705144].

[39] H. Nicolai and D.I. Olive, The principal SO(1, 2) subalgebra of a hyperbolic Kac Moody algebra, Lett. Math. Phys. 58 (2001) 141 [hep-th/0107146].

[40] D.I. Olive, Duality and lorentzian Kac-Moody algebras, hep-th/0208198.

[41] V.G. Kac, Infinite dimensional Lie algebras, 3^{rd} ed., Cambridge University Press, Cambridge 1990.

[42] M.B. Green, M. Gutperle and P. Vanhove, One loop in eleven dimensions, Phys. Lett. B 409 (1997) 177 [hep-th/9706175];

E. Kiritsis and B. Pioline, On R^4 threshold corrections in type-IIB string theory and (p, q) string instantons, Nucl. Phys. B 508 (1997) 509 [hep-th/9707018];

I. Antoniadis, B. Pioline and T.R. Taylor, Calculable e^{−1/λ} effects, Nucl. Phys. B 512 (1998) 61 [hep-th/9707222];

A. Kehagias and H. Partouche, The exact quartic effective action for the type-IIB superstring, Phys. Lett. B 422 (1998) 109 [hep-th/9710023];

B. Pioline and E. Kiritsis, U-duality and D-brane combinatorics, Phys. Lett. B 418 (1998) 61 [hep-th/9710078];

M.B. Green, M. Gutperle and H.-h. Kwon, λ^{16} and related terms in M-theory on T^2, Phys. Lett. B 421 (1998) 149 [hep-th/9710151];

B. Pioline, D-effects in toroidally compactified type-II string theory, Fortschr. Phys. 47 (1999) 271 [hep-th/9712155];

M. Gutperle, Aspects of D-instantons, hep-th/9712156;

N. Berkovits and C. Vafa, Type IIB R^4H^{4g−4} conjectures, Nucl. Phys. B 533 (1998) 181 [hep-th/9803145];

B. Pioline, A note on non-perturbative R^4 couplings, Phys. Lett. B 431 (1998) 73 [hep-th/9804023];

– 51 –

M.B. Green and S. Sethi, Supersymmetry constraints on type-IIB supergravity, Phys. Rev. D 59 (1999) 046006 [hep-th/9808061];

N.A. Obers and B. Pioline, U-duality and M-theory, an algebraic approach, hep-th/9812139; Eisenstein series and string thresholds, Commun. Math. Phys. 209 (2000) 275 [hep-th/9903113]; Eisenstein series in string theory, Class. and Quant. Grav. 17 (2000) 1215 [hep-th/9910115];

E. Kiritsis, N.A. Obers and B. Pioline, Heterotic/type-II triality and instantons on K_3, J. High Energy Phys. 01 (2000) 029 [hep-th/0001083];

N.A. Obers and B. Pioline, Exact thresholds and instanton effects in D = 3 string theories, J. High Energy Phys. 07 (2000) 003 [hep-th/0006088];

N.A. Obers and B. Pioline, Exact thresholds and instanton effects in string theory, Fortschr. Phys. 49 (2001) 359 [hep-th/0101122];

B. Pioline, H. Nicolai, J. Plefka and A. Waldron, R^4 couplings, the fundamental membrane and exceptional theta correspondences, J. High Energy Phys. 03 (2001) 036 [hep-th/0102123].

[43] E. Cremmer and B. Julia, The SO(8) supergravity, Nucl. Phys. B 159 (1979) 141.

[44] N. Marcus and J.H. Schwarz, Three-dimensional supergravity theories, Nucl. Phys. B 228 (1983) 145.

[45] E. Witten, String theory dynamics in various dimensions, Nucl. Phys. B 443 (1995) 85 [hep-th/9503124].

[46] N.A. Obers, B. Pioline and E. Rabinovici, M-theory and U-duality on T^d with gauge backgrounds, Nucl. Phys. B 525 (1998) 163 [hep-th/9712084].

[47] N.A. Obers and B. Pioline, U-duality and M-theory, Phys. Rept. 318 (1999) 113 [hep-th/9809039], and references therein.

[48] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles and three-dimensional gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230].

[49] V.G. Kac, Laplace operators of infinite-dimensional Lie algebras and theta functions, Proc.

Nat. Acad. Sci. USA 81 (1984) 645.

[50] V.G. Kac, R.V. Moody and M. Wakimoto, On E_{10}, in proceedings of the 1987 conference on differential-geometrical methods in physics, Kluwer 1988, pp. 102–128.

[51] V.G. Kac, Simple graded algebras of finite growth, Funct. Anal. Appl. 1 (1967) 328;

R.V. Moody, Lie algebras associated with generalized Cartan matrices, Bull. Am. Math. Soc. 73 (1967) 217;

K. Bardakci and M.B. Halpern, New dual quark models, Phys. Rev. D 3 (1971) 2493; M.B. Halpern, E. Kiritsis, N.A. Obers and K. Clubok, Irrational conformal field theory, Phys. Rept. 265 (1996) 1 [hep-th/9501144].

[52] S. Sethi, C. Vafa and E. Witten, Constraints on low-dimensional string compactifications, Nucl. Phys. B 480 (1996) 213 [hep-th/9606122].

[53] K. Becker, M. Becker and A. Strominger, Five-branes, membranes and nonperturbative string theory, Nucl. Phys. B 456 (1995) 130 [hep-th/9507158].

[54] E. Witten, Non-perturbative superpotentials in string theory, Nucl. Phys. B 474 (1996) 343 [hep-th/9604030].

[55] M. Gutperle and A. Strominger, Spacelike branes, J. High Energy Phys. 04 (2002) 018 [hep-th/0202210].

– 52 –

[56] C.-M. Chen, D.V. Gal’tsov and M. Gutperle, S-brane solutions in supergravity theories, Phys.

Rev. D 66 (2002) 024043 [hep-th/0204071].

[57] R. Argurio, F. Englert and L. Houart, Intersection rules for p-branes, Phys. Lett. B 398 (1997) 61 [hep-th/9701042].

[58] N. Ohta, Intersection rules for non-extreme p-branes, Phys. Lett. B 403 (1997) 218 [hep-th/9702164].

[59] J.D. Edelstein, L. Tataru and R. Tatar, Rules for localized overlappings and intersections of p-branes, J. High Energy Phys. 06 (1998) 003 [hep-th/9801049].

[60] N. Ohta, Intersection rules for s-branes, Phys. Lett. B 558 (2003) 213 [hep-th/0301095].

[61] F. Englert, L. Houart and P. West, Intersection rules, dynamics and symmetries, J. High Energy Phys. 08 (2003) 025 [hep-th/0307024].

[62] A. Sen, A note on marginally stable bound states in type-II string theory, Phys. Rev. D 54 (1996) 2964 [hep-th/9510229]; U-duality and intersecting D-branes, Phys. Rev. D 53 (1996) 2874 [hep-th/9511026]; T-duality of p-branes, Mod. Phys. Lett. A 11 (1996) 827 [hep-th/9512203].

[63] M.R. Douglas, Branes within branes, hep-th/9512077.

[64] A. Strominger, Open p-branes, Phys. Lett. B 383 (1996) 44 [hep-th/9512059].

[65] O.J. Ganor, A test of the chiral E_8 current algebra on a 6d non-critical string, Nucl. Phys. B 479 (1996) 197 [hep-th/9607020].

[66] T. Nakatsu, K. Ohta, T. Yokono and Y. Yoshida, A proof of brane creation via M-theory, Mod. Phys. Lett. A 13 (1998) 293 [hep-th/9711117].

[67] U. Danielsson, G. Ferretti and I.R. Klebanov, Creation of fundamental strings by crossing D-branes, Phys. Rev. Lett. 79 (1997) 1984 [hep-th/9705084].

[68] N. Ohta, T. Shimizu and J.-G. Zhou, Creation of fundamental string in M(atrix) theory, Phys. Rev. D 57 (1998) 2040 [hep-th/9710218].

[69] T. Kitao, N. Ohta and J.-G. Zhou, Fermionic zero mode and string creation between D4-branes at angles, Phys. Lett. B 428 (1998) 68 [hep-th/9801135].

[70] B.R. Greene, A.D. Shapere, C. Vafa and S.-T. Yau, Stringy cosmic strings and noncompact Calabi-Yau manifolds, Nucl. Phys. B 337 (1990) 1.

[71] C. Vafa, Evidence for F-theory, Nucl. Phys. B 469 (1996) 403 [hep-th/9602022].

[72] O. DeWolfe, Affine Lie algebras, string junctions and 7-branes, Nucl. Phys. B 550 (1999) 622 [hep-th/9809026].

[73] A. Iqbal, A. Neitzke and C. Vafa, A mysterious duality, Adv. Theor. Math. Phys. 5 (2002) 769 [hep-th/0111068].

[74] R.H. Brandenberger and C. Vafa, Superstrings in the early universe, Nucl. Phys. B 316 (1989) 391;

A.A. Tseytlin and C. Vafa, Elements of string cosmology, Nucl. Phys. B 372 (1992) 443 [hep-th/9109048];

S. Alexander, R. H. Brandenberger and D. Easson, Brane gases in the early universe, Phys. Rev. D 62 (2000) 103509 [hep-th/0005212];

– 53 –

R. Easther, B.R. Greene, M.G. Jackson and D. Kabat, Brane gas cosmology in M-theory: late time behavior, Phys. Rev. D 67 (2003) 123501 [hep-th/0211124];

S.H.S. Alexander, Brane gas cosmology, M-theory and little string theory, J. High Energy Phys. 10 (2003) 013 [hep-th/0212151];

S. Alexander, R. Brandenberger and M. Rozali, Non-topological inflation from embedded defects, hep-th/0302160.

[75] E. Witten, Bound states of strings and p-branes, Nucl. Phys. B 460 (1996) 335 [hep-th/9510135].

[76] P.K. Townsend, D-branes from M-branes, Phys. Lett. B 373 (1996) 68 [hep-th/9512062].

[77] S. Chakravarty, K. Dasgupta, O.J. Ganor and G. Rajesh, Pinned branes and new non Lorentz invariant theories, Nucl. Phys. B 587 (2000) 228 [hep-th/0002175].

[78] M. Alishahiha and O.J. Ganor, Twisted backgrounds, pp-waves and nonlocal field theories, J.

High Energy Phys. 03 (2003) 006 [hep-th/0301080].

[79] R.R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044].

[80] D. Sadri and M.M. Sheikh-Jabbari, The plane-wave/super Yang-Mills duality,

hep-th/0310119, and references therein.

[81] K. Dasgupta, O.J. Ganor and G. Rajesh, Vector deformations of N = 4 super-Yang-Mills theory, pinned branes and arched strings, J. High Energy Phys. 04 (2001) 034 [hep-th/0010072].

[82] K. Dasgupta and M. Shmakova, On branes and oriented b-fields, Nucl. Phys. B 675 (2003) 205 [hep-th/0306030].

[83] A. Bergman and O.J. Ganor, Dipoles, twists and noncommutative gauge theory, J. High Energy Phys. 10 (2000) 018 [hep-th/0008030].

[84] L.J. Romans, Massive N = 2a supergravity in ten-dimensions, Phys. Lett. B 169 (1986) 374.

[85] J. Polchinski and E. Witten, Evidence for heterotic–type-I string duality, Nucl. Phys. B 460 (1996) 525 [hep-th/9510169].

[86] C.M. Hull, Massive string theories from M-theory and F-theory, J. High Energy Phys. 11 (1998) 027 [hep-th/9811021].

[87] D.A. Lowe, H. Nastase and S. Ramgoolam, Massive IIA string theory and matrix theory compactification, Nucl. Phys. B 667 (2003) 55 [hep-th/0303173].

[88] M.J. Duff and J.T. Liu, Hidden spacetime symmetries and generalized holonomy in M-theory, Nucl. Phys. B 674 (2003) 217 [hep-th/0303140].

– 54 –